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Abstract
Under some hypotheses (symmetry, confluence), we enumerate all
quadratically presented algebras, generated by creation and destruc-
tion operators, in which number operators exist. We show that these
are algebras of bosons, fermions, their immediate generalizations that
we call pseudo-bosons and pseudo-fermions, and also matrix algebras,
in the finitely generated case. We then recover q-bosons (and pseudo-
q-bosons) by a completion operation.
1
1 Introduction
In [Bes1] we have proposed a new way of looking at quantization. In this
point of view, one should quantize the equations of evolution rather than
the canonical commutation relations, the latter being a consequence of the
former. In the case of a system of harmonic oscillators, which is crucial for
field theory, we want to find algebras (over C) of q-numbers generated by
a set {ai|i ∈ I} of so-called destruction operators, and a set {a
+
i |i ∈ I} of
creation operators, conjugate to the former by an anti-involution which we
denote by J . Our algebras will then have the structure of ∗-algebras. It
should be stressed that the word “operator” is just a convention here, since
no Hilbert space is a priori fixed. We require the existence of elements Ni,
for all i ∈ I, so that the following equations hold :
[Ni, aj ] = −δijai (1)
[Ni, a
+
j ] = δija
+
i (2)
Since the base field C does not play a particular role, we will replace it by
any field of characteristic 0.
In this article we propose to give a detailed account of the results obtained
in our thesis, as well as a few novelties concerning Fock algebras. We will
begin in the second section by defining precisely what we call a number
operator algebra, and work out the first consequences of the definition. In the
third section we will restrict to the case of quadratically confluent number
operator algebras of finite type, and state the classification theorem. The
proof is quite long, so we will not give it here in full. However we give an
account of the demonstration, as detailed as we can, in section four. Then,
we will tackle to the problem of n.o.a. of infinite type in section five. In
particular we will show that we can do without the confluence hypothesis.
Furthermore, only four out of the six different kinds of algebras we have
found in the finite case remain. These algebras are precisely those which can
be obtained as deformations of ǫ-Poisson algebras (a generalization of Super-
Poisson algebras about which one can consult [Sch] or [Bes2]). In section
six, we will prove a generalization of the classification theorem for n.o.a.
of infinite type, in which we let the number operators belong to a certain
completion of the algebra. We will see that this completion operation is
natural in order to have a Fock representation. In this case, we will find two
more solutions, namely q-bosonic and pseudo-q-bosonic algebras.
2
2 Definitions and first consequences
2.1 Definitions
We fix once for all K a field of characteristic 0, τ an involution of K (possibly
the identity), and R the sub-field of elements of K fixed by τ . For each
cardinal number α we choose a representative set Iα. In particular if α = n
is finite, we take In = {1, . . . , n} ⊂ N. All algebras are unital K-algebras
and all morphisms preserve units. If A is an algebra, we say that it is trivial
iff A = 0 or A = K. We denote by Z(A) the center of A.
Definition 1 Let α be a cardinal number and B be a non-trivial K-algebra.
Let XA = {ai|i ∈ Iα}, XA+ = {a
+
i |i ∈ Iα}, N = {Ni|i ∈ Iα} be 3 sets
indexed by Iα, with the ai’s and a
+
i ’s in B, and Ni’s in B/Z(B). We call
(B,XA, XA+, N) a number operator algebra of type α if, and only if :
(i) B is generated by XA ∪XA+ as an algebra.
(ii) One uniquely defines an anti-involution J on B by setting J(ai) = a
+
i .
(iii) Equations (1) and (2) are fulfilled.
Remark : Ni belongs to B/Z(B) which is only a vector space, nevertheless
the commutator of such an element with any element of B is well defined, so
that equations (1) and (2) make sense.
We have to define morphisms between two n.o.a. : we will only need to do
so for n.o.a. of the same type. For a more general definition, see [Bes1].
Definition 2 Let (B,XA, XA+, N) and (B
′, X ′A, X
′
A+, N
′) be two n.o.a. of
type α, and let f be an algebra homomorphism from B to B′. We will say
that f is a morphism of n.o.a. iff :
(i) f ◦ J = J ′ ◦ f
(ii) f(Z(B)) ⊂ Z(B′)
(iii) There exists a bijection φ : Iα → Iα such that f(Ni) ∈ N ′φ(i) + Z(B
′)
It is easy to see that n.o.a. of type α and their morphisms form a category.
We are now going to define another category, in which all creation (resp.
destruction) operators play a symmetric role. We will denote by Sα the
group of permutations of Iα that leave all but a finite number of elements
invariant.
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Definition 3 Let B be a n.o.a. of type α and Sα be the group of permutations
of Iα with finite support. We will say that B is symmetric iff for all σ ∈
Sα the prescription ai 7→ aσ(i) uniquely defines an automorphism σ
∗ of B
commuting with J .
Definition 4 A n.o.a. morphism f between two symmetric n.o.a. of type α
will be called symmetric iff it commutes with σ∗, ∀σ ∈ Sα.
Let (B,XA, XA+ , N) be a n.o.a. of type α, set X = XA ∪XA+ , and let 〈X〉
be the free monoid, Lα = K〈X〉 the free algebra, generated by X . Thus, the
elements of Lα are of the form x =
∑
i λixi, with λi ∈ K, xi ∈ 〈X〉. The
set of those monomials xi such that λi 6= 0 is called the support of x, it is a
finite set. The λixi’s are called the terms of x.
We call π the canonical projection from Lα onto B, and I the kernel of π.
There is an anti-involution on Lα sending ai to a
+
i . We also denote it by J .
The symmetric group Sα also acts on Lα in an obvious way. If B is symmetric
this action commutes with π. Since everything is commuting with π we will
often drop it from the notations : whether an element belongs to Lα or B
should be clear from the context.
Definition 5 If I is generated by quadratic elements we say that B is a
quadratic n.o.a.
Remark : What we call a quadratic element is an element of degree ≤ 2. If
it has no term of degree ≤ 1 we call it homogenous quadratic.
2.2 A few lemmas
We denote by Z(α) the direct sum
⊕
i∈Iα Z. Its elements are mappings p :
Iα → Z with a finite support.
For all i ∈ Iα we define the derivation Ni : Lα → Lα on the generators
by Ni(aj) = −δijai and Ni(a
+
j ) = δija
+
i . The following trivial lemma has
important consequences :
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Lemma 1 If B is a n.o.a. then the diagram of vector spaces :
Lα
Ni−−−−→ Lα
pi
y pi
y
B
ad(Ni)
−−−−→ B
commutes for all i ∈ Iα.
Corollary 1 B is a Z(α)-graded algebra. More precisely : Lα =
⊕
p∈Z(α)
Lpα,
B =
⊕
p∈Z(α)
Bp, I =
⊕
p∈Z(α)
(I ∩ Lpα), with L
p
α = {x ∈ Lα|∀iNi(x) = p(i)x}, and
Bp = {y ∈ B|ad(Ni)(y) = p(i)y}.
Corollary 2
∀i, j [Ni, Nj] = 0
Proof :
To prove the lemma, one just has to verify that π(Ni(x)) = [Ni, π(x)] for
x ∈ X since ad(Ni) = [Ni, .] is a (inner) derivation.
For the corollary 1 just notice that NiNj = NjNi for all i, j. Then according
to lemma 1 we also have [ad(Ni),ad(Nj)] = 0, where [, ] is the commutator
in End(B). Thus we can decompose each space into common eigenspaces for
the appropriate family of commuting endomorphisms.
Let us prove corollary 2 : ∀x ∈ B, 0 = [ad(Ni),ad(Nj)](x) =ad([Ni, Nj])(x).
Thus [Ni, Nj] ∈ Z(B). But the central elements commute with all Ni, thus
Z(B) ⊂ B0. Now, if Nj =
∑
p∈Zα N
p
j , then ∀i :
[Ni, Nj ] =
∑
p∈Zα
p(i)Npj ∈ B
0
⇒ ∀i, ∀p 6= 0, p(i)Npj = 0
⇒ Nj ∈ B
0 ⇒ [Ni, Nj ] = 0
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QED.
Let us notice that the action of the derivations Ni (resp. [Ni, .]) on a mono-
mial x is to multiply it by the integer ni(x), which is the number of a
+
i
minus the number of ai appearing in x. We will call ni(x) the i-number of
x. More generally if x belongs to an eigenspace of Ni or ad(Ni) we call the
corresponding eigenvalue the i-number of x.
Lemma 2 If B is symmetric, B0 is a sub-representation space for Sα.
Proof :
Indeed, if x ∈ B0 it is a linear combination of monomials of zero i-number
for all i, and for σ ∈ Sα, σ(x) shares the same property. QED.
3 Number Operator Algebras of Finite Type
3.1 The confluence hypothesis
In order to state the fundamental confluence hypothesis, we have to intro-
duce some combinatorial terminology. In this subsection we do not have
to suppose yet that α is finite, although we will only need the confluence
hypothesis in this case. We refer the reader to [Berg] or [Ufn] for a more
formal presentation. In the sequel by a reduction system we mean a subset
of 〈X〉 × Lα. Its elements are called reductions : they are couples (m, f) for
which we will use the notation m→ f .
Given a presentation of an ideal I (i.e. a set of generators) and a monoid
ordering <, that is an ordering on 〈X〉 which is compatible with multiplica-
tion, it is sometimes possible (always if < is total) to construct a reduction
system by isolating the leading monomial of every element of the presenta-
tion. We say that this reduction system is associated with the presentation
and <. More precisely, if P is the presentation, then the reduction system
associated with P and < is SI,< = {lm(g) → −
1
lc(g)
(g−lt(g))|g ∈ P} where
we used the following notations : lm stands for “leading monomial”, lc stands
for “leading coefficient” and lt stands for “leading term”.
A reduction system is useful if it gives a way of rewritting elements of B so as
to give them a unique normal form. Indeed, let x =
∑
i λxi be an element of
Lα. If m→ f is a reduction of SI,<, then every occurence of m as a subword
of any monomial xi may be replaced by f without changing the class of x
modulo I. The aim is then to apply every possible reduction to x until we
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get an irreducible element, that is to say an element we cannot reduce any
further.
Of course this is not always a well defined procedure. First if we have two
reductions m → f and m′ → f ′ it can happen that the same monomial xi
can be written xi = abc with ab = m and bc = m
′. In this case we say that
there is an overlap ambiguity. It is called solvable if there are two sequences
of reductions, s1 and s2, such that applying s1 on fc and s2 on af
′ gives the
same result. This can be visualized on the following diagram :
abc
ւ ց
fc af ′
s1 ց ւ s2
same result
There can also be inclusion ambiguities : xi = abc with abc = m and b = m
′.
It is said to be solvable if there are two sequences of reductions s1 and s2
such that s1 applied on f is equal to s2 applied on af
′b.
When all ambiguities are solvable, the reduction system is said to be conflu-
ent.
There is one last problem to solve : we must be sure that the procedure will
stop, and will not give an infinite cycle of reductions. This is achieved by
using orderings satisfying the descending chain condition (DCC) : all decreas-
ing sequences are stationnary. Among such orderings, the most natural ones
are the so-called “deglex” (degree-lexicographic) orderings, obtained from a
total ordering <0 on the generators, that is : x < y iff d
◦(x) < d◦(y) or
(d◦(x) = d◦(y) and x is before y in the lexicographic order induced by <0).
So, if SI,< is confluent and if< is a monoid ordering satisfying DCC, Bergman’s
diamond lemma [Berg] states that the set of irreducible monomials is a K-
basis for B.
For instance take α = 1, XA = {a}, XA+ = {a
+}, so that L1 = K〈a, a+〉,
and denote by < the deglex-ordering coming from a+ <0 a. Let us consider
the ideal I generated by P = {a2, a+2, aa++a+a−1}. The reduction system
associated to P and < is S = {a2 → 0, a+2 → 0, aa+ → 1 − a+a}. This
system is easily seen to be confluent. For instance the overlap ambiguity
coming from a2a+ is solvable because (a2)a+ → 0 and a(aa+)→ a(1−a+a) =
a−(aa+)a→ a−(1−a+a)a = a+(a2)→ 0. By Bergman’s lemma we find that
the irreducible monomials (1, a, a+ and a+a) form a K-basis of B = L1/I.
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Remark : It is always possible to avoid inclusion ambiguities in a reduction
system (see [Berg] or [Bes1]). In this case we say that the reduction system
is simplified. It is also always possible to assume that every element of a
confluent reduction system is of the form m→ r with r irreducible. We shall
say that such a reduction system is reduced.
Definition 6 We say that a presentation P of an ideal I is quadratically
confluent (resp. deglex-quadratically confluent) iff the elements of P are at
most of degree two, and there exists a monoid ordering < satisfying DCC
(resp. a deglex ordering), such that the reduction system associated with P
and < is confluent.
3.2 The Main Theorem
We can now state our main result for n.o.a. of finite type :
Theorem 1 Let n be a finite number and let B = Ln/I be a symmetric
deglex-quadratically confluent n.o.a., i.e. I satisfies the following properties
(P0) I 6= Ln, I 6= 〈X〉.
(P1) J(I) ⊂ I.
(P2) ∀σ ∈ Sn, σ∗(I) ⊂ I.
(P3) ∃N1, . . . , Nn ∈ B s.t. (1) and (2) hold.
(P4) : ∃ <0, a total ordering on X s.t. I admits a quadratic and confluent
reduction system, adapted to the deglex ordering coming from <0.
then, if n = 1, there exists h ∈ R \ {0} such that I is generated by one of the
following sets :
(a) {a2, a+2, aa+ + a+a− h}
(b) {aa+ − a+a− h}
if n ≥ 2 there exists h ∈ R \ {0} such that I is generated by one of the
following sets :
(a) {ai
2, a+i
2
, aiaj + ajai, a
+
i a
+
j + a
+
j a
+
i , aia
+
j + a
+
j ai, aia
+
i + a
+
i ai − h|1 ≤ i 6=
j ≤ n}
(a’) {ai
2, a+i
2
, aiaj − ajai, a
+
i a
+
j − a
+
j a
+
i , aia
+
j − a
+
j ai, aia
+
i + a
+
i ai− h|1 ≤ i 6=
j ≤ n}
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(b) {ai
2, a+i
2
, aiaj , a
+
i a
+
j , aia
+
j , aia
+
i +
∑
k a
+
k ak − h|1 ≤ i 6= j ≤ n}
(b’) {ai
2, a+i
2
, aiaj , a
+
i a
+
j , a
+
i aj , a
+
i ai +
∑
k aka
+
k − h|1 ≤ i 6= j ≤ n}
(c) {aiaj − ajai, a
+
i a
+
j − a
+
j a
+
i , aia
+
j − a
+
j ai, aia
+
i − a
+
i ai − h|1 ≤ i 6= j ≤ n}
(c’) {aiaj + ajai, a
+
i a
+
j + a
+
j a
+
i , aia
+
j + a
+
j ai, aia
+
i − a
+
i ai − h|1 ≤ i 6= j ≤ n}
Remark 1 : In the case n = 1, the hypothesis (P4) can be loosened to :
I is generated by elements of degree ≤ 2 (P ′4)
It is also true for n infinite that we can replace (P4) with (P
′
4), as we shall
see later. However, in the case 2 ≤ n < ∞ there exist ideals I satisfying
(P0), . . . , (P3) and (P
′
4) but not (P4) (see [Bes1]).
Remark 2 : In the physical case, h is a positive real number and we can
set h to 1 by rescaling the units, which amounts to the symmetric n.o.a.
isomorphism φλ : ai 7→ λai, with λ ∈ R. Then, we get :
• (a) The tensor product of n Weyl algebras (boson case), An = A1 ⊗
. . .⊗ A1, with A1 = L1/〈aa+ − a+a− 1〉.
• (a’) The graded tensor product of n Weyl algebras (we call it the
pseudo-boson case), Aˆn = A1⊗ˆ . . . ⊗ˆA1.
• (b) The matrix algebra Mn+1(K).
• (b’) The same as above but with the creation and destruction operators
exchanged.
• (c) The graded tensor product of n Clifford algebras (the fermion case),
Cˆn = C1⊗ˆ . . . ⊗ˆC1, with C1 = L1/〈a2, a+
2
, aa+ + a+a− 1〉.
• (c’) The tensor product of n Clifford algebras (the pseudo-fermion case),
Cn = C1 ⊗ . . .⊗ C1.
Particles whose creation and destruction operators form the algebra (c) or
(c′) satisfy Pauli’s exclusion principle : only one particle of that kind can be
found in a given state (ai
2 = a+i
2
= 0). Particles of type (b) or (b′) follow
a more extreme exclusion principle : only one such particle can be found,
regardless of its state (aiaj = a
+
i a
+
j = 0).
Remark 3 : We see that all these algebras depend only on a single constant
h. Thanks to this fact we can see them as deformations of the “classical”
algebras obtained by taking h = 0. This point of view is developped in
[Bes2].
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4 Sketch of proof of theorem 1
We do not have the space here to give the full proof. Nevertheless, we will
give enough indications (we hope) for the reader to fill in the blanks. For a
detailed proof, see [Bes1].
4.1 A few more lemmas
Lemma 3 If (P3) and (P
′
4) are satisfied, then I can be generated by a set of
elements of the form : ai
2 (1), a+i
2
(1’), αaiaj + βajai (2), αa
+
i a
+
j + βa
+
j a
+
i
(2’), αaia
+
j + βa
+
j ai (3),
∑
1≤i≤n αiaia
+
i +
∑
1≤i≤n βia
+
i ai − λ (4), ai (5), or
a+i (5’).
Proof :
Let P be a quadratic presentation of I and let r ∈ P . We can write r =∑
p∈Zn rp, where p, seen as a function of i, must be ±2δij , or ±(δij + δik), or
0, or ±δij . Now, from lemma 1, r ∈ I ⇔ rp ∈ I, ∀p, and the forms (1) to
(5′) correspond to the different possibilities for the p’s. QED.
Lemma 4 If I fulfils (P0), (P3), and (P
′
4), then it must contain at least one
set of generators of type (4) with λ 6= 0.
Proof :
Let us suppose that it is not so. Then, by lemma 3 and (P ′4), I must be gen-
erated by elements of the form : ai, a
+
i , or r, with r homogenous quadratic.
Now by (P0), ∃i such that ai or a
+
i is not in I. Suppose ai /∈ I, and let
N˜i belong to π
−1(Ni). By (P3), I must contain N˜iai − aiN˜i + ai, whose
only term of degree one is ai. But every element of I can be written as∑
xry+
∑
sjajtj+
∑
uka
+
k vk, r being homogenous quadratic, and the second
sum running over j 6= i. This is a contradiction. QED.
Lemma 5 If B = Ln/I satisfies (P0), (P3) and (P
′
4), and if C is a commu-
tative algebra, then HomK−alg(B,C) = {0}.
Proof :
We have ∀i, φ([Ni, π(a
+
i )]) = φ(π(a
+
i )) = 0, since C is commutative. For the
same reason, φ(π(ai)) = 0. Now, by lemma 4, I contains an element of the
form x+λ.1, λ 6= 0, x homogenous quadratic. We have : 0 = φ(π(x+λ.1)) =
φ(π(x)) + λφ(1) = 0 + λ.φ(1). Therefore φ(1) = 0, and φ = 0. QED.
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Lemma 6 Let B = Ln/I, B
′ = Ln/I ′, π and π′ the respective projections.
If ∃φ: B → B′, an algebra homomorphism such that φ(π(ai)) = π
′(ai) and
φ(π(a+i )) = π
′(a+i ), then : I fulfils (P3) ⇒ I
′ fulfils (P3).
(In particular, this is the case if I ⊂ I ′ and if φ is induced by the identity
map of Ln)
Proof :
It is easily verified that the images by φ of the number operators of B are
number operators for B′. QED.
Lemma 7 Let B = Ln/I such that (P3) holds, let B
′ be any algebra, and
φ ∈ HomK−alg(B,B′) such that ∀i, φ(ai) = φ(a
+
i ). Then, ∀i φ(ai) = 0.
Proof :
Set xi := φ(ai) = φ(a
+
i ). In one hand [Ni, ai] = −ai ⇒ [φ(Ni), xi] = −xi,
and in the other hand [Ni, a
+
i ] = a
+
i ⇒ [φ(Ni), xi] = xi. So xi = 0. QED.
Lemma 8 Let n ≥ 2, B = Ln/I such that (P3) holds, B′ any algebra, and
φ ∈ HomK−alg(B,B′) such that ∀i, j, φ(ai) = φ(aj) (resp. φ(a
+
i ) = φ(a
+
j )).
Then, ∀i φ(ai) = 0 (resp. φ(a
+
i ) = 0).
Proof :
Let us examine the first case, the other one being similar. Let i 6= j and let
x := φ(ai) = φ(aj). Then [Ni, ai] = −ai ⇒ [φ(Ni), x] = −x, and [Ni, aj ] =
0⇒ [φ(Ni), x] = 0. Thus x = 0. QED.
We now have to work out the consequences of (P2). It is a bit long, but very
easy. We only state the results, leaving the details to the reader (one could
also see [Bes1]).
In what follows, we suppose n ≥ 2, V is a n dimensional vector space with
basis e1, . . . , en and coordinates ǫ1, . . . , ǫn. Let ρ : Sn → End(V ) be the
representation given by ρ(σ)(ei) := σ.ei := eσ(i), let H be the hyperplane of
equation ǫ1+ . . .+ ǫn = 0. W is the vector space W = V ⊕V ⊕1, where 1 is
the trivial representation of Sn of dimension 1. W bears the representation
ρ ⊕ ρ ⊕ 1. Finally, we set xi = ei ⊕ 0 ⊕ 0, yi = 0 ⊕ ei ⊕ 0, and let 1 be a
non-zero vector of 1.
Lemma 9 Let w ∈ W , w 6= 0, and let O(w) be the linear span of the orbit
of w under the action of Sn. Then O(w) is isomorphic as a representation
space to : 1, H, H⊕1, H⊕H or H⊕H⊕1. Furthermore O(w) has a basis
of the form :
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• in the 1st case : {µx.1x + µy1y + µ1.1}, with 1x = x1 + . . . + xn,
1y = y1 + . . .+ yn, and µx, µy, µ1 ∈ K, not all zero.
• in the 2nd case : {λx(xi − x1) + λy(yi − y1)|i > 1}, (λx, λy) 6= (0, 0).
• in the 3rd case : {µx1x + µy1y + µ11, λx(xi − x1) + λy(yi − y1)|i > 1}
(µx, µy, µ1) 6= (0, 0, 0), (λx, λy) 6= (0, 0).
• in the 4th case : {xi − x1, yi − y1|i > 1}.
• in the 5th case : {µx1x+µy1y+µ11, xi−x1, yi−y1|i > 1}, (µx, µy, µ1) 6=
(0, 0, 0).
If we take an element x of I, we can make Sn act upon it to get others, so
that the whole orbit of x belongs to I, and of course, so does its linear span.
Using this and noticing that the last lemma apply to our situation if we set
xi = aia
+
i , yi = a
+
i ai, and 1 = 1, we arrive at the following result :
Lemma 10 If I fulfils (P0), (P1), (P2), (P3) and (P
′
4), then I can be gener-
ated by a union of sets, each having one of the following forms :
• form (2, 0) : {ai
2, a+i
2
|1 ≤ i ≤ n}
• form (1, 1)a : {aiaj + ajai, a
+
i a
+
j + a
+
j a
+
i |i < j}
• form (1, 1)b : {aiaj − ajai, a
+
i a
+
j − a
+
j a
+
i |i < j}
• form (1, 1)c : {aiaj, a
+
i a
+
j |i 6= j}
• form (1,−1)a : {raia
+
j + sa
+
j ai|i 6= j}, with (r, s) 6= (0, 0), r, s ∈ R.
• form (1,−1)b : {aia
+
j , a
+
j ai|i 6= j}
• form (0, 0) : {
∑
i
αiaia
+
i +
∑
i
βia
+
i ai − λ}
Furthermore, each set of the form (0,0) can be replaced by a union of sets of
the form :
• form A1 : {aia
+
i − a1a
+
1 |i > 1}
• form B1 : {a
+
i ai − a
+
1 a1|i > 1}
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• form A2 : {aia
+
i − λ|1 ≤ i ≤ n}
• form B2 : {a
+
i ai − µ|1 ≤ i ≤ n}
• form C : {
∑
1≤i≤n
aia
+
i − λ}
• form D : {
∑
1≤i≤n
a+i ai − µ}
• form E1 : {α(aia
+
i − a1a
+
1 ) + β(a
+
i ai − a
+
1 a1)|i > 1}, αβ 6= 0
• form F : {α
∑
1≤i≤n
aia
+
i + β
∑
1≤i≤n
a+i ai − λ}, αβ 6= 0
In every case, we can assume that α, β, λ, µ and ν belong to R.
The next step is to combine the different sets of generators enumerated by
lemma 10. For instance, if we are given the set A1∪C, we can replace it with
a set of the form A2. Obviously, some combinations, such as the union of two
sets of the form A2 with different values of lambda, give a trivial result and
we can get rid of them. The next proposition sum up the different results.
Proposition 1 Let I2 = {x ∈ I|d◦(x) ≤ 2}, I
(2,0)
2 = I ∩ Span{ai
2, a+i
2
|1 ≤
i ≤ n}, I(1,1)2 = I ∩Span{aiaj , a
+
i a
+
j |i 6= j}, I
(1,−1)
2 = I ∩Span{aia
+
j , a
+
i aj |i 6=
j}, I(0,0)2 = I2 ∩ L
(0,...,0)
n .
Under the hypotheses of lemma 10, there exists a presentation R for I, of the
form R = R(2,0)
∐
R(1,1)
∐
R(1,−1)
∐
R(0,0), such that R(i,j) is a basis of I
(i,j)
2 .
Furthermore :
• R(2,0) = (2, 0) or the empty set.
• R(1,1) = (1, 1)a or (1, 1)b or (1, 1)c or ∅.
• R(1,−1) = (1,−1)a or (1,−1)b or ∅.
and R(0,0) is one of the following sets :
A2 = {a1a
+
1 − λ, . . . , ana
+
n − λ}
A2 ∪ B1 = {a1a
+
1 − λ, . . . , ana
+
n − λ, a
+
2 a2 − a
+
1 a1, . . . , a
+
n an − a
+
1 a1}
A2 ∪ B2 = {a1a
+
1 − λ, . . . , ana
+
n − λ, a
+
1 a1 − λ, . . . , a
+
n an − λ}
A2 ∪D = {a1a
+
1 − λ, . . . , ana
+
n − λ,
∑
i a
+
i ai − µ}
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A3 = {aia
+
i + β
∑
j a
+
j aj − λ|1 ≤ i ≤ n}
A1 ∪D = {a2a
+
2 − a1a
+
1 , . . . , ana
+
n − a1a
+
1 ,
∑
i a
+
i ai − λ}
C = {
∑
i aia
+
i − λ}
C ∪D = {
∑
i aia
+
i − λ,
∑
i a
+
i ai − µ}
E2 = {aia
+
i +β1a
+
i ai+β2
∑
j 6=ia
+
j aj−λ|1 ≤ i ≤ n}, β1 6= β2, β1+(n−1)β2 6= 0
or {a+i ai+α1aia
+
i +α2
∑
j 6=iaja
+
j −µ|1 ≤ i ≤ n}, α1 6= α2, α1+ (n− 1)α2 6= 0
E ′2 = {aia
+
i + β1a
+
i ai +
β1
1−n
∑
j 6=ia
+
j aj − λ|1 ≤ i ≤ n}, β1 6= 0 or
{
∑
iaia
+
i − λ, α(aia
+
i − a1a
+
1 ) + β(a
+
i ai − a
+
1 a1)|i > 1}
E1 ∪ C ∪ D = {
∑
j aja
+
j − λ,
∑
j a
+
j aj − µ, αaia
+
i + βa
+
i ai − ν|i > 1}, with
ν = (αλ+ βµ)/n
F = {α
∑
i aia
+
i + β
∑
i a
+
i ai − λ}
A1 ∪ B1 ∪ F = {aia
+
i − a1a
+
1 , a
+
i ai − a
+
1 a1, αa1a
+
1 + βa
+
1 a1 − λ|i > 1} and
also : B2, A1 ∪ B2, B2 ∪ C, D, B3, B1 ∪ C, or E ′′2 , which are respectively
symmetrical to A2, A2 ∪B1, A2 ∪D, C, A3, A1 ∪D, E
′
2, by the exchange of
ai and a
+
i . Moreover, in each case, at least one of the constants λ, µ or ν is
non-zero, α and β are non-zero, and all the constants belong to R.
Such a presentation is unique, except in the cases E2, E
′
2 and E
′′
2 for which
we give two forms, and is called “standard”.
Even if a standard presentation is given and if the hypothesis (P4) is satisfied,
the standard presentation could happen to be non-confluent for any ordering.
The next proposition shows that it is not so. Indeed, if a confluent reduction
system exists for some deglex-ordering <, then this system is associated with
a standard presentation. Furthermore, all orderings are not allowed.
Proposition 2 Let I be an ideal such that (P0),. . . ,(P4) hold, and let S be
a quadratic confluent reduction system, which is adapted to some deglex or-
dering <, and associated with I. We also assume that S is simplified and
reduced. Let R = R(2,0)
∐
R(1,1)
∐
R(1,−1)
∐
R(0,0) be a standard presentation
of I, and RS the presentation associated with S and <.
Then, RS = R
(2,0)
S
∐
R
(1,1)
S
∐
R
(1,−1)
S
∐
R
(0,0)
S , S = S
(2,0)∐S(1,1)∐S(1,−1)∐
S(0,0), where S(i,j) is the reduction system associated with R(i,j), and R
(2,0)
S =
R(2,0), R
(1,1)
S = {x/lc(x)|x ∈ R
(1,1)}, R(1,−1)S = {x/lc(x)|x ∈ R
(1,−1)}. More-
over, depending on R(0,0), the S(0,0) part is :
A2 : S
(0,0) = {aia
+
i →λ|1 ≤ i ≤ n}.
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A1 ∪ B2 : ∃i0 s.t. S(0,0) = {aia
+
i →ai0a
+
i0
, a+j aj→µ|i 6= i0, 1 ≤ j ≤ n}
A2 ∪ B2 : S(0,0) = {aia
+
i →λ, a
+
i ai→µ}.
A3 : there are two possibilities (a) : S
(0,0) = {aia
+
i →λ− β
∑
ja
+
j aj)}, or
(b) : ∃i0, j0 s.t. S(0,0) = {aia
+
i →ai0a
+
i0
, a+j0aj0→
λ
β
− 1
β
ai0a
+
i0
−
∑
j 6=j0a
+
j aj |i 6= i0}
C : ∃i0 s.t. S(0,0) = {ai0a
+
i0
→λ−
∑
i 6=i0aia
+
i }
C ∪D : ∃i0, j0 s.t. S(0,0) = {ai0a
+
i0
→λ−
∑
i 6=i0aia
+
i , a
+
j0
aj0→µ−
∑
j 6=j0a
+
j aj}
A1 ∪D : ∃i0, j0 s.t. S(0,0) = {aia
+
i →ai0a
+
i0
, a+j0aj0→µ−
∑
j 6=j0a
+
j aj |i 6= i0}
A2 ∪D : ∃i0 s.t. S
(0,0) = {aia
+
i →λ, a
+
i0
ai0→µ−
∑
j 6=i0a
+
j aj |1 ≤ i ≤ n}
E2, with n ≥ 3 : (a) {aia
+
i →λ− β1a
+
i ai − β2
∑
j 6=ia
+
j aj |1 ≤ i ≤ n}, or
(b) {a+i ai→µ− α1aia
+
i − α2
∑
j 6=iaja
+
j |1 ≤ i ≤ n}
E2 with n = 2 : (a), or (b) as in the previous case, or
(c) {a+j aj→
1
β2
(λ−β1a
+
i ai−aia
+
i ), aja
+
j →λ(1−
β1
β2
) + (
β21
β2
− β2)a
+
i ai +
β1
β2
aia
+
i },
with {i, j} = {1, 2}, or
(d) {a+i ai→
1
β1
(λ−β2a
+
j aj−aia
+
i ), aja
+
j →λ(1−
β2
β1
) + (
β22
β1
− β1)a
+
j aj +
β2
β1
aia
+
i },
with {i, j} = {1, 2}
E ′2 : (a) {aia
+
i →λ− β1a
+
i ai +
β1
n−1
∑
j 6=ia
+
j aj |1 ≤ i ≤ n}, or
(b) {ai0a
+
i0
→λ−
∑
j 6=i0aja
+
j , a
+
i ai→−αλ+a
+
i0
ai0 +2αaia
+
i +α
∑
j 6=i,i0aja
+
j |i 6=
i0}, for i0 ∈ [1..n], or
(c) {ai0a
+
i0
→λ−
∑
j 6=i0aja
+
j , a
+
i0
ai0→−αλ+a
+
j0
aj0+2αaj0a
+
j0
+α
∑
j 6=i0,j0aja
+
j , a
+
i ai
→a+j0aj0 + αaj0a
+
j0
− αaia
+
i |i 6= i0, j0} for some i0, and with α = (1− n)/β1
F : (a) {ai0a
+
i0
→ λ
α
−
∑
i 6=i0aia
+
i −
β
α
∑
1≤j≤na
+
j aj}, for some i0, or
(b) {a+j0aj0→
λ
β
− α
β
∑
1≤i≤naia
+
i −
∑
j 6=j0a
+
j aj} for some j0.
A1 ∪ B1 ∪ F : (a) {aia
+
i →ai0a
+
i0
, a+j aj→
λ
β
− α
β
ai0a
+
i0
|i 6= i0, 1 ≤ j ≤ n}, or
(b) {a+i ai→a
+
i0
ai0 , aja
+
j →
λ
α
− β
α
a+i0ai0 |i 6= i0, 1 ≤ j ≤ n}
E1 ∪ C ∪ D : ∃K,L ⊂ [1, .., n], K ∩ L = ∅, i0 /∈ K ∪ L, K ∪ L ∪ {i0} =
[1..n] such that S(0,0) = {aia
+
i →
ν
α
− β
α
a+i ai, a
+
j aj→
ν
β
− α
β
aja
+
j , ai0a
+
i0
→λ′ −∑
Kaka
+
k +
β
α
∑
La
+
k ak, a
+
i0
ai0→µ
′ −
∑
La
+
k ak +
α
β
∑
Kaka
+
k |i ∈ L, j ∈ K}, λ
′ =
λ−Card(L) ν
α
, µ′ = µ−Card(K) ν
β
.
By the exchange of ai and a
+
i we also find the forms corresponding to B2,
A2 ∪ B1, B3, and E ′′2 .
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For the proof, see [Bes1].
The next proposition will allow us to use symmetry between ai and a
+
i and
fix the value of some constant when needed.
Proposition 3 Let φ be one of the following automorphisms of Ln :
ǫ : Ln → Ln
ai 7−→ a
+
i
a+i 7−→ ai
φλ,µ : Ln → Ln
ai 7−→ λai
a+i 7−→ µa
+
i
with λµ ∈ R \ {0}. Then if I fulfils (P0),. . . ,(P4), so does φ(I).
Proof :
We do it for φλ,µ the case of ǫ is even easier and is left to the reader.
For (P0), it is obvious. Let us show that φλ,µ(I) fulfils (P1) : it is only needed
to verify that the image under φλ,µ of a standard presentation of I, which is
a presentation of φλ,µ(I), is sent into φλ,µ(I) by J .
If x is a homogenous quadratic element of a standard presentation of I,
φλ,µ(x) is proportional to x, so J(φλ,µ(x)) is proportional to φλ,µ(J(x)) and
therefore belongs to φλ,µ(I). Now if x =
∑
αiaia
+
i +
∑
βia
+
i ai− ν.1, with αi,
βi, ν ∈ R, is a generator of I, then φλ,µ(x) = λµ(
∑
αiaia
+
i +
∑
βia
+
i ai)− ν.1
is stable under J , because λµ ∈ R.
It is clear by its definition that φλ,µ commutes with the action of Sn. Thus,
σ∗(φλ,µ(I)) = φλ,µ(σ∗(I)) = φλ,µ(I)
Lastly, let S, whose elements we denote by ms→fs, be a quadratic confluent
reduction system, adapted to < and associated with I, and let W be the
vector space spanned by the irreducible monomials relatively to S. If we
set φλ,µ(S) = {ms→
1
λkµl
φλ,µ(fs)|s ∈ S, ms of degree k in ai and l in a
+
i },
then φλ,µ(W ) = W is also the linear span of monomials that are irreducible
under φλ,µ(S). Moreover φλ,µ(S) is clearly adapted to < and I ⊕W = Ln ⇒
φλ,µ(I) ⊕ φλ,µ(W ) = Ln. Thus, by Bergman’s lemma, φλ,µ(S) is confluent.
QED.
The last of our lemmas will help us to reduce the number of cases.
Lemma 11 If I fulfils (P0),. . . ,(P4), and if n ≥ 2, then I must contain a
set of generators of type (1,1) or (1,-1).
Proof :
Let S be a quadratic confluent reduction system for I, associated with some
deglex-ordering <, R be the associated presentation, T the basis of irre-
ducible monomials, and W = Span(T ). Let us denote by N˜1, . . . , N˜n the
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representatives of N1, . . . , Nn in W , and write N˜1 = λ1ξ1 + . . . + λkξk + u,
with d◦(ξ1) = . . . = d◦(ξk) > d◦u and ξ1 > . . . > ξk, λ1, . . . , λk ∈ K \ {0}.
We first need to show the following formula :
∀i, j, NiN˜j = 0 (3)
This is true because [Ni, Nj ] = 0⇔ NiN˜j ∈ I. But T is made of eigenvectors
for Ni, so W is stable under Ni, consequently NiN˜j ∈ W ∩ I = {0}.
Obviously, we also have :
∀i, j, Niξj = 0 (4)
Write ξ1 = xηy, with x, y ∈ X . There are two cases :
• There exists b ∈ X with an index different from the indices of x and
y. Suppose first that b > x. Then bξ1 > ξ1b, and since bξ1 > bξ2 > . . .
and ξ1b > ξ2b > . . . we have lm([N˜1, b]) = bξ1. Thus bξ1 = bxηy must
be reducible, but since ξ1 = xηy is not and the reduction system is
quadratic, it is only possible if bx is reducible. We then have relations
of type (1, 1) or (1,−1) in R. Now if b < x, we have lm([N˜1, b]) = ξ1b =
xηyb, and we deduce that yb is reducible. Therefore the relations (1, 1)
or (1,−1) are in R.
• There is no such b. Then n = 2 and X = {x, x+, y, y+}. If xy or yx
are reducible we have relations (1, 1) or (1,−1), so we suppose they are
irreducible. For k large enough, we have (xy)kξ1 6= ξ1(xy)k. Indeed,
if not we would conclude that ξ1 divides (xy)
k but it is impossible
since ξ1 must contain x
+ or y+ by the formula (4). So we deduce that
lm([N˜1, (xy)
k]) = ξ1(xy)
k or (xy)kξ1. In both cases it is irreducible, so
this is a contradiction. QED.
4.2 The main calculations
If I is such that (P0), . . . , (P4) hold, it has a standard presentation by propo-
sition 1. We have to study every such presentation that is not yet ruled
out by lemma 11. In most cases, it is possible to show that (P0), (P3), or
(P4) cannot hold by making use of our different lemmas. Nonetheless, it is
sometimes necessary to call upon a reduction system and calculate in a basis
of irreducible monomials.
For convenience, we will deal with relations in B rather than with generators
of the ideal I.
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When the relations (0, 0) depend on a single constant term λ (which must
be non-zero) we assume that λ = 1.
In cases containing (1,−1)a, and if r 6= 0, we set q = −
s
r
. If s 6= 0, we set
q′ = −
r
s
.
From now on we assume n ≥ 2. We will look at the case n = 1 afterwards.
(1, 1)c ∪ (1,−1)b ∪ (2, 0) :
So I is generated by the relations (1, 1)c∪ (1,−1)b∪ (2, 0) together with some
relations of type (0, 0). If relations of type A2, C, B2 or D with λ or µ 6= 0
are present, it is easily seen by multiplying them on the left or on the right
by ai that ai = 0. Thus (P0) is not satisfied. Let us see the other cases :
• A3 : In B we have :


a1a
+
1 + β
∑
a+i ai = 1 (l1)
. . .
ana
+
n + β
∑
a+i ai = 1 (ln)
Let’s multiply (l1) on the right by an, we get an = 0, thus B = 0. This
also rules out the case A1 ∪ B1 ∪ F = A3 ∪B1.
• E2 : 

a1a
+
1 + β1a
+
1 a1 + β2
∑
i 6=1 a
+
i ai = 1 (l1)
. . .
ana
+
n + β1a
+
n an + β2
∑
i 6=n a
+
i ai = 1 (ln)
We do as above.
• F :
α
∑
aia
+
i + β
∑
a+i ai = 1
We first multiply the relation F by ai on the left, then on the right,
and we get :
βaia
+
i ai = αaia
+
i ai = ai
If α 6= β, we have B = 0. Thus we can assume that α = β = 1.
We have aia
+
i ai = ai, ∀i. But if there exists a quadratic confluent
reduction system for I, it is of type (a) or (b) (see proposition 2). In
both cases, there exists i such that aia
+
i and a
+
i ai are irreducible, so
aia
+
i ai must be irreducible, and this is a contradiction.
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(1, 1)a or b ∪ (1,−1)b ∪ (2, 0) :
Making use of either (1,−1)a,b or (2, 0), we see that A2 or B2 with λ 6= 0
leads to B = 0.
• C : Multiplying the relation (C) by a1 on the left we get :
a1
2a+1 +
∑
i>1
a1aia
+
i = a1
⇒
∑
i>1
±aia1a
+
i = a1
⇒ 0 = a1 ⇒ B = 0
This also rules out all other presentations containing relations of type
C (in particular E ′2 = E1 ∪ C).
• F : We have
α
∑
1≤i≤n
a1aia
+
i + β
∑
1≤i≤n
a1a
+
i ai = a1
⇒ α
∑
i>1
±aia1a
+
i + βa1a
+
1 a1 = a1
⇒ βa1a
+
1 a1 = a1
Multiplying by a1 on the right we would obtain in the same way :
αa1a
+
1 a1 = a1 (5)
thus α = β. Furthermore, multiplying (5) by ai, i 6= 1 we get :
a1ai = αa1a
+
1 a1ai = ±αa1a
+
1 aia1 = 0
But, the presentation being standard, {aiaj −ajai, a
+
i a
+
j −a
+
j a
+
i |i < j}
is a basis of I
(1,1)
2 . Now a1ai /∈ Span{aiaj − ajai, a
+
i a
+
j − a
+
j a
+
i }, a
contradiction.
We can do the same for F , and thus for A3, B3 and E2.
(1, 1)c ∪ (1,−1)a ∪ (2, 0) :
• A3 : Let’s multiply (l1) on the right by a1 :
a1a
+
1 a1 = a1 (6)
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Now a1a
+
1 = aia
+
i ⇒ a1 = aia
+
i a1, ∀i. Then if s 6= 0, we have
a1 = −q
′aia1a
+
i = 0, for i 6= 1, and B = 0. We can thus assume
that s = 0.
Now aia
+
j = 0, and multiplying (l1) to the left by a1, we find a1 =
βa1a
+
1 a1, consequently we have β = 1, by (6).
We are then in the case (b) of the theorem. It is easily seen that the re-
duction system {aiaj→0, a
+
i a
+
j →0, ai
2→0, a+i
2
→0, aia
+
j →0, aia
+
i →1 −∑
a+k ak|1 ≤ i 6= j ≤ n} is confluent and adapted to the deglex-ordering
coming from a+1 < . . . < a
+
n < a1 < . . . < an, which we will denote by
<n in the rest of the section. We let the reader verify that (P3) holds,
with Ni = a
+
i ai + λi.1, λi ∈ K.
• F : Let’s multiply F by a1 on the right, then on the left :
{
βa1(
∑
1≤i≤n a
+
i ai) = a1
α(
∑
1≤i≤n aia
+
i )a1 = a1
⇒
{
ra1 = rβa1a
+
1 a1 + β
∑
i>1(−sa
+
i a1)ai
sa1 = sαa1a
+
1 a1 + α
∑
i>1 ai(−ra1a
+
i )
⇒
{
ra1 = rβa1a
+
1 a1
sa1 = sαa1a
+
1 a1
⇒
{
ra1a
+
2 = −sβa1a
+
1 a
+
2 a1 = 0
sa+2 a1 = −rαa1a
+
2 a
+
1 a1 = 0
Thus r = 0 or s = 0 (the presentation is standard). If r = 0,
a+j (α
∑
i aia
+
i ) + a
+
j β(
∑
a+i ai) = αa
+
j aja
+
j = a
+
j . Now ∃j such that
a+j aja
+
j is irreducible, and we come to a contradiction. The case s = 0
is symmetrical.
• A1 ∪ B1 ∪ F : From case F we know that we can assume that r = 0,
then we have an = αa1a
+
1 an + βa
+
1 a1an = 0. Consequently B = 0.
• E2 : By F , we have rs = 0. In each case it is easy to show that B = 0.
(1, 1)b ∪ (1,−1)a ∪ (2, 0) :
• C : Let’s show that B = 0 :
∑
aia
+
i = 1
⇒
∑
a1 . . . anaia
+
i = a1 . . . an
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⇒
∑
a1 . . . ai−1ai+1 . . . anaiaia
+
i = a1 . . . an
⇒ 0 = a1 . . . an
Suppose that every product ai1 . . . aik of length k is zero. This is true
for k = n. Then :
ai1 . . . aik−1 =
∑
ai1 . . . aik−1aia
+
i
and the sum is zero, since all terms ai1 . . . aik−1ai vanish. Thus, by
induction, we see that B = 0.
Since we made no use of relations (1,−1)a, we can get rid of the case
(1, 1)b ∪ (2, 0) ∪ C by the same method.
• F : Thanks to all the relations we have, one can show that
(α− β)(r + s)a1 . . . an = 0
Then, if (α− β)(r+ s) 6= 0, it can be proved by induction that B = 0.
If only one of the factors α − β or r + s vanishes then it is possible to
show that a1an = 0. Let’s see the case α = β and r + s = 0 in more
details. We can assume α = 1.
If n ≥ 2, it is easily verified that the natural projection Ln → L2 gives
a surjective homomorphism from Bn onto B2. Therefore, if (P3) does
not hold for n = 2, it will not hold for any n ≥ 2.
Let < be the only deglex-ordering such that a+1 < a1 < a
+
2 < a2. The
reduction system S = {a2a1→a1a2, a
+
2 a
+
1→a
+
1 a
+
2 , a1
2→0, a+1
2
→0, a2
2→0,
a+2
2
→0, a2a
+
1→a
+
1 a2, a
+
2 a1→a1a
+
2 , a2a
+
2→1−a1a
+
1 −a
+
2 a2−a
+
1 a1} is con-
fluent and adapted to <. If we call T the basis of irreducible mono-
mials and T0 := T ∩ B02 , then it is clear that T0 = {1, a
+
2 a2, (a
+
1 a1)
k,
(a+1 a1)
ka+2 a2, (a1a
+
1 )
k, (a1a
+
1 )
ka+2 a2)|k ≥ 1}. Indeed, no a2 can be on
the left of another term, an a+2 can only be on the left of an a2,
etc. . . Now, for k ≥ 1 : [(a+1 a1)
k, a+1 ] = (a
+
1 a1)
ka+1 , [(a
+
1 a1)
ka+2 a2, a
+
1 ] =
(a+1 a1)
ka+1 a
+
2 a2, [(a1a
+
1 )
ka+2 a2, a
+
1 ] = −a
+
1 (a1a
+
1 )
ka+2 a2, [(a1a
+
1 )
k, a+1 ] =
−a+1 (a1a
+
1 )
k and [a+2 a2, a
+
1 ] = 0.
We see that a+1 never appears in these commutators. Consequently,
(P3) cannot hold.
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• A3 : From F we have r + s = 0, then :
a1 . . . an = a1a
+
1 a1 . . . an + β
∑
i 6=1 a
+
i aia1 . . . an
= a1a
+
1 a1 . . . an
= a2a
+
2 a1 . . . an
= a1a2a
+
2 a2 . . . an
= a1(a1a
+
1 )a2 . . . an
= 0
So by induction B = 0.
• E2 : From F , we can assume that r + s = 0 and β1 + (n − 1)β2 = n
(which corresponds to β = 1 in the case F ).
a1(l1)− (l1)a1 gives :
(β1 − 1)a1a
+
1 a1 + β2
∑
i 6=1
(a1a
+
i − a
+
i a1)ai = 0
⇒ (β1 − 1)a1a
+
1 a1 = 0 (7)
But we also have :
a1(ln)− (ln)a1 = a1ana
+
n + β1a1a
+
n an + β2
∑
1<i<n
a1a
+
i ai − ana
+
n a1
+β2a1a
+
1 a1 − β1a
+
n ana1 − β2
∑
1<i<n
a+i a1ai
⇒ 0 = β2a1a
+
1 a1 (8)
– if β2 6= 0, (8) ⇒ a1a
+
1 a1 = 0. Thanks to a1 . . . an(li) we get
a1 . . . an = 0 and by induction B = 0.
– if β2 = 0, we can assume β1 = 1, or else B = 0 by (7). We get the
reduction system {ai
2→0, a+i
2
→0, ajai→aiaj , a
+
j a
+
i →a
+
i a
+
j , aia
+
j →
a+j ai, aia
+
i →1− a
+
i ai|1 ≤ i < j ≤ n}. It is confluent and adapted
to <n. B is a solution to our problem, with Ni = a
+
i ai + λi.1,
λi ∈ K, and we are in case (a) of theorem 1.
(1, 1)a ∪ (1,−1)a ∪ (2, 0) :
This case is similar to the preceding one. In the case E2, we find the solution
(a′).
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(1, 1)c ∪ (1,−1)b :
• C : Let φ : Ln → C, with C =
n⊕
i=1
K[xi, yi]/〈xiyi − 1〉, defined by :
φ(ai) = xi, φ(a
+
i ) = yi. φ goes to the quotient, indeed : ∀i 6= j,
φ(aiaj) = xixj = 0, φ(a
+
i a
+
j ) = yiyj = 0, φ(aia
+
j ) = φ(a
+
j ai) = xiyj =
0, φ(
∑
aia
+
i − 1) = (
∑
xiyi)− 1 = 0. But φ 6= 0 then by lemma 5, (P3)
does not hold.
• C ∪D : We have (C)a1 ⇒ a1a
+
1 a1 = λa1 and a1(D) ⇒ a1a
+
1 a1 = µa1,
then if λ 6= µ, B = 0. If λ = µ, we do as above, using the same φ.
• A2, λ = 0, ∪D : Computing (D)a1 we are led to a1
2 = 0.
• A3 or A1 ∪D : With α = 1 or 0 :
αa1a
+
1 + β
∑
a+i ai = 1
⇒ αa1
2a+1 + βa1a
+
1 a1 = a1
⇒ αa1a2a
+
2 + βa1a
+
1 a1 = a1
⇒ βa1a
+
1 a1a
+
1 = a1a
+
1
⇒ βa1a
+
1 a2a
+
2 = 0 = a1a
+
1
This is impossible in both cases. We can do the same for A1 ∪B1 ∪ F .
• E2 or E ′2 : Let’s calculate a1(l1), (l1)a1, a1(ln), and (ln)a1. We get :

a1
2a+1 + β1a1a
+
1 a1 = a1 (i)
a1a
+
1 a1 + β1a
+
1 a1
2 = a1 (ii)
β2a1a
+
1 a1 = a1 (iii)
β2a
+
1 a1
2 = a1 (iv)
Thanks to the three last formulas we get (β2 − β1 − 1)a1 = 0.
So, if β2 − β1 − 1 6= 0, i.e. β1 6=
n−1
n
in the case E ′2, B = 0.
Moreover, (iii) and (iv) ⇒ β2 6= 0, or else B = 0.
The only remaining case is β2 = β1 + 1 6= 0. We define φ : B →
n⊕
i=1
K[xi, yi]/〈xiyi − 1/β2〉 by φ(ai) = xi, φ(a
+
i ) = yi. φ is well defined
since φ(aia
+
i +β1a
+
i ai+β2
∑
j 6=i a
+
j aj) = (1+β1)xiyi+β2
∑
j 6=i xjyj = 1.
Thus (P3) cannot hold.
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• E1 ∪ C ∪D : 

a1a
+
1 + . . .+ ana
+
n = λ (l1)
a+1 a1 + . . .+ a
+
n an = µ (l2)
αaia
+
i + βa
+
i ai = ν (l3,i)
We must have λ = µ by C ∪ D. Now, if we multiply (l3,i) by aj with
j 6= i, we find νaj = 0, therefore ν = 0. But λ(α + β) = nν = 0 and
λ must be non-zero by lemma 4, then α + β = 0. We can assume that
λ = 1 and α = −β = 1. We then use the same φ as in case E2.
• F :
α
∑
aia
+
i − β
∑
a+i ai = 1
⇒ αai
2a+i − βaia
+
i ai = ai
Now (P4) implies that there must always exist i s.t. aia
+
i and a
+
i ai are
irreducible. A contradiction.
(1, 1)a or b ∪ (1,−1)b : Such a presentation is never standard. Indeed, we
always have relations of the form :
∑
1≤i≤n
αiaia
+
i +
∑
1≤i≤n
βia
+
i ai + λ = 0
with λ 6= 0. Therefore :
a1
∑
1≤i≤n
αiaia
+
i + β1a1a
+
1 a1 + λa1 = 0
⇒ α2a1a2a
+
2 a2 + β1a1a
+
1 a1a2 + λa1a2 = 0
⇒ ±α2a2(a1a
+
2 )a2 ± β1a1(a
+
1 a2)a2 + λa1a2 = 0
⇒ λa1a2 = 0
⇒ a1a2 = 0
This is impossible.
(1, 1)c ∪ (1,−1)a : This case is very easy, and we only state the results.
• C, C ∪ D, A1 ∪ D : Multiplying the relation C or D by ai, one can
prove that the presentation is not standard.
24
• A3 or A1∪B1∪F : It can be proven that ai
2 = 0, thus the presentation
is not standard.
• E2 or E
′
2 : It can be shown that :
rs(β2 − β1 − 1)a1 = 0
Therefore we have rs(β2 − β1 − 1) = 0. If β2 − β1 − 1 = 0 the ho-
momorphism φ of (1, 1)c ∪ (1,−1)b ∪ E2 can be used to exclude this
case. If rs = 0 and β2 − β1 − 1 6= 0, the presentation is shown to be
non-standard.
• F : We have, ∀i : αai
2a+i ai + βaia
+
i ai
2 = ai
2, so we conclude that the
presentation is not standard.
(1, 1)b ∪ (1,−1)a :
• A2 :
ra2 = ra2a1a
+
1 = ra1a2a
+
1
⇒ −sa1a
+
1 a2 = ra2
⇒ (r + s)a2 = 0
Thus r + s 6= 0 ⇒ B = 0. If r + s = 0 an homomorphism δ : B → C,
with C = K[x1, . . . , xn, y1, . . . , yn]/〈x1y1−1, . . . , xnyn−1〉, is defined by
setting δ(ai) = xi, δ(a
+
i ) = yi. Therefore (P3) cannot hold, by lemma
5. We do the same for A2 ∪ B1 and A2 ∪ B2.
• A3, A1 ∪D and A2 ∪D : In these 3 cases we have :
{
aia
+
i = aja
+
j
αaia
+
i + β
∑
j a
+
j aj = 1
with α = 0 for A2 ∪D and A1 ∪D, and α = 1 for A3.
If we set x = a1a
+
1 = . . . = ana
+
n , we easily show that ∀i, raix+sxai = 0,
and ∀i 6= 1, ra1a
+
i ai + sa
+
i aia1 = 0. Then :
β(ra1a
+
1 a1 + sa
+
1 a1
2) = (r + s)a1
⇒ β(ra1
2a+1 a1 + sa1a
+
1 a1
2) = (r + s)a1
2
⇒ β(ra1x+ sxa1)a1 = (r + s)a1
2
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⇒ 0 = (r + s)a1
2
Therefore r + s = 0. Let’s show that x := aia
+
i and yi := a
+
i ai are
central elements of B. For x it is trivial : we calculate the commutator
of x with ak or a
+
k by writing x = aia
+
i with i 6= k. Now yi clearly
commutes with aj and a
+
j for j 6= i. As for j = i, we just need to write
yi =
1
β
−
1
β
x−
∑
k 6=i
a+k ak
Now we show that B0 ⊂ Z(B). Let m ∈ B0 be a monomial, and write
m as m = b1 . . . b2l, with bi = ai or a
+
i . There must exists i < j such
that bj = b
+
i (:= J(bi)) and ∀k, i < k < j, bk 6= bi and bk 6= b
+
i . Then
bi commutes with every bk s.t. i < k < j, and we can write :
m = b1 . . . bi−1bibi+1 . . . bj−1bjbj+1 . . . b2l
= b1 . . . bi−1bi+1 . . . bj−1(bibj)bj+1 . . . b2l
Now bibj = bib
+
i = x or yi, thus bib
+
i ∈ Z(B). Consequently m =
b1 . . . bi−1bi+1 . . . bj−1bj+1 . . . b2l(bib+i ). Let m = m
′(bib+i ), with bib
+
i ∈
Z(B) and m′ ∈ B0. By an easy induction, we find m ∈ Z(B). Then
B0 ⊂ Z(B) (the other inclusion is always true). As a consequence, (P3)
cannot hold (unless B = 0).
• A1∪B1∪F : As above, we must have r+ s = 0. If α+β 6= 0, lemma 5
can be used, with the help of γ : B → K[x, y]/〈xy−1/(α+β)〉, defined
by γ(ai) = x, γ(a
+
i ) = y. If α + β = 0 we have (with α = 1):
a1a
+
1 a1 − a
+
1 a1
2 = a1
⇒ a1a
+
i ai − a
+
1 a1
2 = a1, i 6= 1
⇒ a+i aia1 − a
+
1 a1
2 = a1
⇒ a+1 a1
2 − a+1 a1
2 = 0 = a1
⇒ B = 0
• C : We do as in case (1, 1)c ∪ (1,−1)b ∪ C.
26
• C ∪D :
ra1(C) + s(C)a1 ⇒ ra1
2a+1 + sa1a
+
1 a1 = λ(r + s)a1 (9)
ra1(D) + s(D)a1 ⇒ ra1a
+
1 a1 + sa
+
1 a1
2 = µ(r + s)a1 (10)
From these two relations we get :
{
ra1
2a+1 a1 + sa1a
+
1 a1
2 = λ(r + s)a1
2
ra1
2a+1 a1 + sa1a
+
1 a1
2 = µ(r + s)a1
2
⇒ (r + s)(λ− µ)a1
2 = 0
This shows that (r + s)(λ− µ) = 0.
– λ = µ : We can use φ as in case C.
– λ 6= µ, r + s = 0 then (9) and (10) ⇒ a1
2a+1 = a1a
+
1 a1 = a
+
1 a1
2.
Thus :
λa1 . . . an = a1 . . . an
∑
aia
+
i
=
∑
ai
2a+i a1 . . . ai−1ai+1 . . . an
=
∑
a+i ai(a1 . . . an)
= µa1 . . . an
Therefore a1 . . . an = 0, and, by induction : B = 0.
• E2 or E ′2 : On one hand ra1(l1) + s(l1)a1 gives
(r + s)a1 = sβ1a
+
1 a1
2 + ra1
2a+1 + (s+ rβ1)a1a
+
1 a1 (11)
on the other hand ra1(l2) + s(l2)a1 gives :
sβ2a
+
1 a1
2 + rβ2a1a
+
1 a1 = (r + s)a1 (12)
From (12) we get :
β2 = 0⇒ r + s = 0
Furthermore :
{
β2(11)− β1(12)
(12)
⇔ (S) :
{
β2a1(ra1a
+
1 + sa
+
1 a1) = (β2 − β1)(r + s)a1
β2(ra1a
+
1 + sa
+
1 a1)a1 = (r + s)a1
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Now :
(S)⇒
{
β2a1(ra1a
+
1 + sa
+
1 a1)a1 = (β2 − β1)(r + s)a1
2
β2a1(ra1a
+
1 + sa
+
1 a1)a1 = (r + s)a1
2
⇒ (β2 − β1 − 1)(r + s)a1
2 = 0
Then we must have (r + s)(β2 − β1 − 1) = 0.
– β2 − β1 − 1 = 0 :
∗ β2 6= 0, we define ρ : Ln → C, with C = K[x, y]/〈xy −
1
β2
〉,
such that ρ(a1) = x, ρ(a
+
1 ) = y, and ρ(ai) = ρ(a
+
i ) = 0, ∀i >
1. We then see that ρ is well defined non-zero homomorphism
to C.
∗ β2 = 0 (which entails r + s = 0); β1 = −1. We then have the
presentation {aiaj − ajai, a
+
i a
+
j − a
+
j a
+
i , aia
+
j − a
+
j ai, aia
+
i −
a+i ai − 1}. We recognize the Weyl algebra An, which is a
well known solution to our problem, with Ni = a
+
i ai + λi.1,
λi ∈ K.
– 1 + β1 − β2 6= 0, r + s = 0
(S)⇔
{
β2a1[a1, a
+
1 ] = 0
β2[a1, a
+
1 ]a1 = 0
where [., .] denotes the commutator.
∗ 1+β1+(n−1)β2 6= 0 (always true in the case E ′2) : We can then
define a homomorphism ξ from B to C = K[x1, . . . , xn]/〈x2i −
1
1 + β1 + (n− 1)β2
〉 by setting : ξ(ai) = ξ(a
+
i ) = xi.
∗ 1 + β1 + (n− 1)β2 = 0
(l1)+ . . .+(ln)⇔
∑
aia
+
i +β1
∑
a+i ai+(n−1)β2
∑
a+i ai = n
⇔
∑
a+i ai −
∑
aia
+
i = n
⇔
∑
[ai, a
+
i ] = −n
But β2 6= 0, (or else 1 + β1 − β2 = 0), then from (S) we get :
−na1 . . . an =
∑
[ai, a
+
i ]a1 . . . an
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−na1 . . . an =
∑
i
([ai, a
+
i ]aia1 . . . ai−1ai+1 . . . an) = 0
⇒ a1 . . . an = 0
And we can iterate to get B = 0.
• E1 ∪ C ∪D : From C ∪D, the only remaining case to study is λ = µ,
that is to say nν = (α + β)λ. Moreover (by the case E2), β2 = 0, we
must have r+ s = 0. Then we see that we can use ξ as in the case E2,
setting ξ(ai) = ξ(a
+
i ) = xi, with x
2
i =
λ
n
.
• F : We have :
(r + s)aj = raj(α
∑
aia
+
i + β
∑
a+i ai) + s(α
∑
aia
+
i + β
∑
a+i ai)aj
= α
∑
i 6=j ai(raja
+
i + sa
+
i aj) + β
∑
i 6=j(raja
+
i + sa
+
i aj)ai
+(rβ + sα)aja
+
j aj + rαaj
2a+j + sβa
+
j aj
2
= (rβ + sα)aja
+
j aj + rαaj
2a+j + sβa
+
j aj
2
Since there always exists j such that the monomials in the last expres-
sion are irreducible, we must have rα = sβ = 0 and rβ + sα = 0, that
entails that either r and s or α and β must be zero, which is impossible.
(1, 1)a ∪ (1,−1)a : This case is quite similar to the previous one, and we leave
it to the reader. In the case E2 we find the pseudo-boson solution.
(1, 1)c ∪ (2, 0) :
• A3 : Let us distinguish between the different forms of S(0,0).
– (a) On one hand we have aj
2a+j → 0, and on the other hand we
find aj
2a+j → (1−β)aj −β
∑
i 6=j aja
+
i ai, which is irreducible. This
system cannot be confluent.
– (b) : We can use the same argument by reducing aj0
2a+j0 in two
different ways.
• A1 ∪ B1 ∪ F : From (l3)ai and ai(l3) we get α = β. We set α to 1,
and we define δ : Ln → L1 = K〈a, a+〉 by δ(ai) = a, δ(a
+
i ) = a
+.
This δ induces a non-zero morphism from B to the Clifford algebra
Cl(1, 1) := K〈a, a+〉/〈a2, a+2, aa++a+a−1〉. Indeed, δ(aia
+
i −aja
+
j ) =
0 = δ(a+i ai − a
+
j aj), δ(aiaj) = a
2 = 0, δ(a+i a
+
j ) = a
+2 = 0, δ(aia
+
i +
a+i ai) = aa
+ + a+a = 1. We conclude by lemma 8.
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• E2 : (l1)a2a
+
2 ⇔ a1a
+
1 a2a
+
2 = λa2a
+
2 . Moreover, a1a
+
1 (l2)⇔ a1a
+
1 a2a
+
2 =
λa1a
+
1 . Thus aia
+
i = aja
+
j , which is not possible.
• E1∪C∪D : From C andD we have λ = µ = 0. Then nν = αλ+βµ = 0,
which is impossible.
• F : We have α
∑
i aia
+
i aj − aj = 0 and β
∑
i aja
+
i ai − aj = 0, but at
least one one of these two expressions is irreducible.
(1, 1)b ∪ (2, 0) :
• C : B = 0 (see case (1, 1)b ∪ (1,−1)a ∪ (2, 0)).
• E2 :
– (a) : We have (ai
2)a+i →0, and on the other hand ai(aia
+
i )→λ(1−
β1)ai+β1β2
∑
Ia
+
j ajai+β1β2
∑
J a
+
j aiaj−β2
∑
j 6=iaia
+
j aj where I is
the set of indices j s.t. aj < ai and J the set of all j’s s.t. aj > ai.
The last expression being irreducible, we come to a contradiction.
– (b) : We do the same with aia
+
i
2
.
– (c) : (n = 2) We have a+j aj
2→0, and also (a+j aj)aj→
1
β2
(λaj −
β1a
+
i aiaj − aia
+
i aj). The term a
+
i aiaj may be reduced to a
+
i ajai,
but the whole expression cannot reduce to 0.
– (d) : We have a+i ai
2→0 and a+i ai
2→ 1
β1
(λ(1 − 1
β1
)ai − β2a
+
j ajai +
β2
β1
aia
+
j aj). Confluence implies that β1 = 1, β2 = 0. In this case, I
is generated by the relations a1a
+
1 + a
+
1 a1 = λ, a2a
+
2 + a
+
2 a2 = λ,
a1
2 = a2
2 = a+1
2
= a+2
2
= 0, aiaj − ajai = a
+
i a
+
j − a
+
j a
+
i = 0,
∀i 6= j. We can thus send B onto Cl(1, 1) by ai 7→ a, a
+
i 7→ a
+.
We then use lemma 8.
• E ′2 :
– (a) : Same method as in (a) of case E2.
– (b) or (c) : We have 0←ai0
2a+i0→λai0 −
∑
I ai0aia
+
i −
∑
J aiai0a
+
i
with I = {i|ai0 < ai} and J = {i|ai0 > ai}. This contradicts
confluence.
• F :
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– (a) : We can assume without loss of generality that i0 = n, so that
anai→aian. One can then show that 0←an
2a+n→
λ
α
(1 − β
α
)an+
β
α
∑
i<n aia
+
i an +
β2
α2
∑
i<n a
+
i aian −
∑
i<n aiana
+
i −
β
α
∑
i<n ana
+
i ai,
which is irreducible.
– (b) : Symmetrical computation with a+n
2
an.
• A3 or A1 ∪ B1 ∪ F : It is easy to show that a1 . . . an = 0. In any case
the normal form of a1 . . . an looks like ai1 . . . ain 6= 0. Therefore, (P4)
does not hold.
(1, 1)a ∪ (2, 0) : This case is similar to the previous one.
(1,−1)b ∪ (2, 0) :
• A3 : By multiplying a1a
+
1 + β
∑
i a
+
i ai = 1 to the left by a1, we find
βa2a
+
2 a1 = a1, thus B = 0. We use a similar method in cases A1 ∪D,
A2 ∪D, and A1 ∪B1 ∪ F .
• C or C ∪D : We can assume that i0 = n. We have 0←an
2a+n→λan −
ana1a
+
1 − . . .− anan−1a
+
n−1, consequently the reduction system cannot
be confluent.
• E2 :
– n ≥ 3 : From a1(l1)a2 we find a1a2 = β1a1a
+
1 a1a2, and from
a1(l3)a2, a1a2 = β2a1a
+
1 a1a2, thus a1a2 = 0.
– n = 2 : In every case we can easily prove that the reduction system
is not confluent.
• E ′2 : Same methods as above.
• F : Let’s assume we have a reduction system of type (a) (the case (b)
is symmetrical), and suppose i0 = n. We have 0←ana
+
n a1→−a1a
+
1 a1−
β
α
∑
i>1 a
+
i aia1 +
1
α
a1, which is irreducible.
• E1 ∪ C ∪ D : ∀i ∈ L, 0←aia
+
i ai0→
1
α
(νai0 − βa
+
i aiai0), which is irre-
ducible, and ∀i ∈ K, 0←ai0a
+
j aj→
1
β
(νai0 − αai0aja
+
j ), irreducible too.
Since at least one of two sets of indices is not empty, we conclude that
the reduction system is not confluent.
(1,−1)a ∪ (2, 0) :
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• A2∪D, λ = 0 : If a
+
k = sup{a
+
i }, we have 0←a
+
k ak
2→µak−
∑
i 6=k a
+
i aiak,
which is irreducible.
• C or C ∪D : see (1,−1)b ∪ (2, 0) ∪ C.
• A3 : We know from proposition 2 that at most one of the a
+
i ai’s
is reducible. But we have 0←ai
2a+i →(1 − β)ai + β
2∑
j 6=i a
+
j ajai −
β
∑
j 6=i aia
+
j aj . Now we can choose i such that ∀j 6= i, a
+
j aj is irre-
ducible. Then if r = 0, the last expression is irreducible. If r 6= 0,
some of the aia
+
j aj ’s can be reduced to qa
+
j aiaj , but in any case we get
a non-zero irreducible quantity.
• A1 ∪ B1 ∪ F : ai(l3,1)aj gives ai(αa1a
+
1 + βa
+
1 a1)aj = αai(aia
+
i )aj +
βai(a
+
j aj)aj, but this is excluded.
• A1 ∪D : We have, ∀i, aia1a
+
1 = aiaia
+
i = 0⇒ µa1a
+
1 =
∑
a+i aia1a
+
1 =
0. A contradiction.
• E2 :
– (a) : By reducing a1
2a+1 in two different ways, one can prove that
we must have r 6= 0, β2 = 0 and β1 = 1 for the system to be conflu-
ent. Thus we get {ai
2→0, a+i
2
→0, aia
+
j →qa
+
j ai, aia
+
i →1−a
+
i ai|1 ≤
i 6= j ≤ n} which is a confluent reduction system adapted to <n.
Let I = (i1, . . . , ik) ∈ [1..n]k be a k-uple of indices. aI will stand
for ai1 . . . aik , and a
+
I for a
+
i1
. . . a+ik , |I| = k. If I = ∅, we set
a∅ = a
+
∅ = 1. With these notations, the basis of irreducible mono-
mials for our reduction system is the set of all a+I aJ , I and J
running over all possible t-uple of indices such that im 6= im+1,
jm 6= jm+1, ∀m. It is then possible to use this basis to explicitly
calculate the commutator of an element of B0 with an ai and an
a+i (see [Bes1]). Doing this, one sees that (P3) does not hold.
– (b) : This case is symmetrical to the latter.
– (c) : 0←a+j aj
2→ 1
β2
(λaj−β1a
+
i aiaj− q
′aiaja
+
i ), thus the reduction
system is not confluent.
– (d) : a+i ai
2→ 1
β1
(λ(1 − 1
β1
)ai − β2a
+
j ajai +
β2
β1
aia
+
j aj). Now this
last expression is irreducible, except for the term aia
+
j aj, which
can possibly be reduced to qa+j aiaj . So, we must have β1 = 1 and
β2 = 0 and then rs 6= 0. Indeed, if r = 0 we have 0←aja
+
j ai→λai−
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a+j ajai, and if s = 0 we have 0←aja
+
i ai→λaj − ajaia
+
i both being
impossible. There are two cases :
∗ If aia
+
j is reducible, then qa
+
i a
+
j ai←a
+
i aia
+
j →λa
+
j − aia
+
i a
+
j .
Since both expressions are irreducible, we conclude that the
system is not confluent.
∗ If a+j ai is reducible, then we have q
′ajaia
+
j ←aja
+
j ai→λai −
a+j ajai, and arrive at the same conclusion.
• E ′2 : Case (b) or (c) 0←ai0
2a+i0→λai0−
∑
j 6=i0
ai0aja
+
j , which is irreducible.
• E1 ∪ C ∪ D : λ
′ai0 +
β
α
∑
L a
+
k akai0 −
∑
K aka
+
k ai0←ai0a
+
i0
ai0→µ
′ai0 +
α
β
∑
K ai0aka
+
k −
∑
L ai0a
+
k ak and the only further reductions we can pos-
sibly do are : aka
+
k ai0 → q
′akai0a
+
k and ai0a
+
k ak → qa
+
k ai0ak. This shows
that the two expressions cannot be reduced to a common normal form.
• F : Let’s do the case (a), the other one being symmetrical. Sup-
pose an is the largest of the ai’s, then 0←an
2a+n→an(1−α
∑
i<n aia
+
i −
β
∑
i≤n a
+
i ai). If r = 0 we see that confluence is impossible. And if
r 6= 0, we have 0 = an − α
∑
i<n anaia
+
i − qβ
∑
i<n a
+
i aian and we come
to the same conclusion.
(1,−1)b :
• A3 : From a1an = a1(αa1a
+
1 + β
∑
i a
+
i ai)an we are led to a1an = 0.
Thus, the presentation is not standard. The same method can be used
for the cases A1 ∪D, A2 ∪D, λ = 0 and A1 ∪B1 ∪ F .
• C, C ∪ D, E2, E ′2, E1 ∪ C ∪ D, F : These rather easy cases are left
to the reader (it can be shown each time that the systems cannot be
confluent).
(1,−1)a : Let us first notice that in all cases containing A2 we have raia
+
j +
sa+j ai = 0 ⇒ rajaia
+
j + sλai = 0. Then, if r = 0, ai = 0, and (P0) is not
fulfilled. So r 6= 0, and aia
+
j must be reducible.
• A2 : According the remark, we must have r 6= 0. Then we see that
S = {aia
+
i →1, aia
+
j →qa
+
j ai|i 6= j} is confluent (there are no ambi-
guities) and adapted to <n. The basis of irreducible monomials is
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T := {a+I aJ |I,J run over all tuples of indices}. If we write p for the
projection on W =Span(T ) in the direction of I, then p(x) =nf(x). If
the lenghts of I and J are at least 2, and if n belongs to J , we have
p([a+I aJ , a
+
n ]) = q
nJ a+I aJ ′ − a
+
n a
+
I aJ , where nJ is the number of ai’s
in aJ that are to the right of the an which is the most to the right,
and J ′ = J where the n the most to the right has been left out. If n
does not appear in J , p([a+I aJ , a
+
n ]) = q
|J |a+I a
+
n aJ − a
+
n a
+
I aJ . In both
cases, if I 6= (n, . . . , n), we have lm(p([a+I aJ , a
+
n ])) = a
+
n a
+
I aJ . Now
if a+I aJ ∈ L
0
n, I = (n, . . . , n) ⇒ J = (n, . . . , n), then if a
+
I aJ ∈ L
0
n
we always have lm(p([a+I aJ , a
+
n ])) = a
+
n a
+
I aJ . Let N˜1 be a represen-
tative of N1 in W , and let a
+
I aJ be the leading term of N˜1. Then
we see that a+n a
+
I aJ is bigger than any other term of p([N˜1, a
+
n ]), thus
lm(p([N˜1, a
+
n ])) = a
+
n a
+
I aJ , which proves that (P3) does not hold.
• A2 ∪ B1, A2 ∪ B2 : As before, we have r 6= 0. For i 6= i0, we get
ai = (aia
+
i )ai = ai(a
+
i0
ai0) = qa
+
i0
aiai0 . Then ai − qa
+
i0
aiai0 = 0, which
is irreducible.
• A2 ∪D : It can readily be seen that we need λ = µ and q = 0 in order
to have a confluent system. In this case, an argument like the one we
used in case A2 allows us to prove that (P3) is not satisfied.
• A3 :
– If r 6= 0 : S = {aia
+
i →1 − β
∑
a+j aj , aia
+
j →qa
+
j ai|i 6= j} is
confluent and adapted to <n (no ambiguities). Using the basis
T = {a+I aJ } it can be shown that (P3) does not hold (see [Bes1]).
– si r = 0 : Let’s look at the two possible reduction systems :
∗ (a) : we have 0←ana
+
n a1→a1 − β
∑
i a
+
i aia1, and there is no
confluence.
∗ (b) : For i 6= i0, 0←aia
+
i ai0→ai0a
+
i0
ai0 , which is irreducible.
• A1 ∪ B1 ∪ F :
– (a) We have ai0a
+
i0
ai ← aia
+
i ai →
1
β
(ai − αaiai0a
+
i0
). The term on
the left may be reducible to q′ai0aia
+
i0
. In any case, the ambiguity
is not solvable.
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– (b) : With i 6= i0 we have
1
α
(ai − βa
+
i0
ai0ai) ← aia
+
i ai → aia
+
i0
ai0 .
We conclude as before.
• A1∪D : If aia
+
j0
is reducible then qa+j0aiaj0 ← aia
+
j0
aj0 → ai−
∑
j 6=j0aia
+
j aj.
Now these two expressions cannot be reduced to a common form, so
∀i 6= j0, aia
+
j0
is irreducible. Consequently a+j0ai is reducible.
– If n ≥ 3, or n = 2 and i0 = j0, we can take i 6= i0, j0. We have
q′aia
+
j0
a+i ← a
+
j0
aia
+
i → a
+
j0
ai0a
+
i0
. Then if i0 6= j0, a
+
j0
ai0a
+
i0
→
q′ai0a
+
j0
a+i0 and the reduction system is not confluent. If i0 = j0,
a+i0ai0a
+
i0
→ a+i0 −
∑
j 6=i0a
+
j aja
+
i0
, which is irreducible.
We leave the case n = 2 and i0 6= j0 to the reader (the system is
not confluent).
• C : As in case (1, 1)c ∪ (1,−1)b the homomorphism φ can be defined
and used to rule out this case.
• C ∪D :
– If ∃k 6= j0 such that aka
+
j0
is reducible, then qa+j0akaj0←aka
+
j0
aj0→
µak−q
∑
j∈Ka
+
j akaj−
∑
j∈Laka
+
j aj−aka
+
k ak, with K = {j 6= j0|aka
+
j
reducible}, and L = {j 6= j0|aka
+
j irreducible}. We see that the
expression is irreducible if k 6= i0. If k = i0, it can be reduced
to (µ − λ)ak − q
∑
j∈K a
+
j akaj −
∑
j∈L aka
+
j aj +
∑
j∈K′ aja
+
j ak +
q′
∑
j∈L′ ajaka
+
j . Therefore we must have µ = λ. But in this
case we can use φ, as in case (C), and (P3) is not satisfied. Thus
we must have ∀k 6= j0, aka
+
j0
is irreducible, which entails a+j0ak is
reducible.
– If ∃k 6= i0 such that a
+
i0
ak is reducible, we can reduce ai0a
+
i0
ak in
two different ways, and come to a contradiction.
– If n > 2, or n = 2 and i0 = j0.
Let k 6= i0, j0, then q′aka
+
j0
a+i0←a
+
j0
aka
+
i0
→qa+j0a
+
i0
ak. Since these
two expressions are irreducible, this case is ruled out.
– n = 2, i0 = 1, j0 = 2. We leave this case to the reader (reduce
a+2 a2a
+
1 in two different ways).
• E2 or E ′2
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– If r 6= 0, S = {aia
+
i →1− β1a
+
i ai − β2
∑
a+j aj , aia
+
j →qa
+
j ai|i 6= j}
is confluent and adapted to <n. T = {a
+
I aJ } is the corresponding
basis of irreducible monomials. By using the same method as in
case A3, we find that (P3) does not hold.
– If r = 0, S = {a+i aj→0, a
+
i ai→1−α1aia
+
i −α2
∑
k 6=j aka
+
k } is con-
fluent and adapted to <n. The corresponding basis is T = {aIa
+
J }.
If I does not begin with n, we have [aIa
+
J , a
+
n ] = aIa
+
J a
+
n . More-
over, [anaIa
+
J , a
+
n ] = anaIa
+
J a
+
n−aIa
+
J+α1ana
+
n aIa
+
J+α2
∑
i<n aia
+
i aIa
+
J .
Thus we see that if I does not begin with n, lm([anaIa
+
J , a
+
n ]) =
anaIa
+
J a
+
n , and we get by induction : if I 6= (n, . . . , n), lm([anaIa
+
J ,
a+n ]) = anaIa
+
J a
+
n , and [an
ka+n
k
, a+n ] = (1− (−1)
kαk1)an
ka+n
k+1
+ u,
with u < an
ka+n
k+1
. Then if lm(N1) 6= an
ka+n
k
, lm([N1, a
+
n ]) =lm(N1)a
+
n ,
which is irreducible : a contradiction. And if lm(N1) = an
ka+n
k
,
we show that lm([N1, a
+
1
k
]) = an
ka+n
k
a+1
k
, which is irreducible as
well. Thus (P3) cannot hold.
• E1 ∪ C ∪D :
– r = 0 : If i ∈ L, 0 = aia
+
i aj =
1
α
(νaj − βa
+
i aiaj), contradiction.
Thus L = ∅. But now, with j 6= i0, ai0a
+
i0
aj = λaj−
∑
j 6=i0aia
+
i aj =
λaj − aja
+
j aj, which also contradicts the confluence.
– s = 0 : Symmetrical case.
– rs 6= 0 : We have ai0 > a
+
j , ∀j ∈ L, and a
+
i0
> aj, ∀j ∈ K. The
reader can then easily verify that a+i0ai0a
+
j can be reduced in two
different ways which lead to distinct irreducible expressions.
• F :
– α 6= −β : We define an homomorphism φ :
⊕
K[xi, yi]/〈{xiyi −
1
α+β
}〉, and we use lemma 5.
– α = −β : Suppose α = 1. We have
∑
aia
+
i −
∑
a+i ai = 1
If r = 0 then aia
+
i ai−
∑
j a
+
j ajai = ai, and ai
∑
j aja
+
j −aia
+
i ai = ai.
But both expressions are irreducible. This is impossible.
Now if r 6= 0, S = {ana
+
n→1+
∑
a+i ai−
∑
i<n aia
+
i , aia
+
j →qa
+
j ai|i 6=
j} is confluent and adapted to<n. The basis T is made of monomi-
als of the form a+I1aJ1ai1a
+
i1
a+I2aJ2ai2a
+
i2
. . ., with i1, i2, . . . 6= n. If t
is such a monomial we have [t, a+n ] = a
+
I1aJ1 . . . (aija
+
ij
) . . . a+IkaJka
+
n−
a+n a
+
I1aJ1 . . . Set t =lm(N˜1).
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∗ If t = a+j u, j 6= n, then lm(p([t, aj])) = ajt, thus (P3) does
not hold.
∗ If t = a+n u, then lm(p([t, an])) = an−1a
+
n−1u, (P3) does not
hold.
∗ If t = aju, lm(p([t, an])) = ant, (P3) does not hold.
(1, 1)c : This case is rather easy, and we only state the results.
• A3, A3 ∪B1, A1 ∪D, and A2 ∪D : It is easily shown that ai
3 = 0, but
since ai
3 is irreducible, this contradicts (P4).
• C : Use the same φ as in case (1, 1)c ∪ (1,−1)b.
• C ∪ D : If λ = µ, we can do the same as above. If λ 6= µ, it can be
shown that ai
3 = 0.
• E2, E ′2, F , E1 ∪ C ∪D : (P4) does not hold.
(1, 1)b :
• A2, A2 ∪ B1, A2 ∪ B2 : Let φ : B → C, C := K[x, y]/〈xy − 1〉, be the
only homomorphism such that φ(ai) = x, φ(a
+
i ) = y. φ is clearly well
defined and we conclude by lemma 5.
• A2 ∪D : With i0 = n, we have λan ← ana
+
n an → µan +
∑
i<n ana
+
i ai.
Thus (P4) cannot hold.
• A3 :
– β 6= −1/n : As in A2 we can define φ : B → C := K[x, y]/〈xy −
1/(1 + nβ)〉.
– β = −1/n : We define φ : B → A1 = K〈a, a
+〉/〈aa+ − a+a − 1〉
by setting φ(ai) = a, φ(a
+
i ) = a
+. We then use lemma 8.
• A1 ∪ B1 ∪ F : Same method as above.
• A1 ∪D : We send B to K[x, y]/〈xy− 1/n〉 by ai 7→ x, a
+
i 7→ y, and we
use lemma 5.
• C : Here we send B to
⊕
iK[xi, yi]/〈xiyi−1〉, as in case (1, 1)c∪(1,−1)b.
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• C∪D : We are going to show that (P3) does not hold if n = 2. We will
then be able to deduce that (P3) never holds with the help of lemma
6, since the projection Ln → L2 goes over to the quotient.
S = {a1a
+
1→λ − a2a
+
2 , a
+
2 a2→µ − a
+
1 a1, a1a2→a2a1, a
+
2 a
+
1→a
+
1 a
+
2 } is
confluent (no ambiguity) and adapted to the deglex ordering com-
ing from a2 < a1 < a
+
1 < a
+
2 . The corresponding basis is T =
{a2
k1a+1
l1 . . . a2
kra+1
lra1
m1a+2
n1 . . . a1
msa+2
ns}, with ki, li, mi, ni ≥ 0.
Let x ∈ T ∩ L(0,0)2 , x 6= 1. Then x begins with an a2 or an a
+
1 , and
ends with an a1 or an a
+
2 , therefore xa
+
1 is reducible, meanwhile a
+
1 x
is irreducible. Moreover a+1 x > xa
+
1 , so lm(p([N1, a
+
1 ])) = a
+
1 lm(N1).
This is absurd : (P3) cannot hold.
• E2 or E ′2 : This case looks like A3. We have to use different kinds of
morphisms depending on whether β1 + (n − 1)β2 + 1 vanishes or not.
We leave the details to the reader.
• E1 ∪ C ∪ D : Let’s deal with the case K 6= ∅, the case L 6= ∅ being
symmetrical. Let i be such that ai =min{aj |1 ≤ j ≤ n}. We must
have i 6= i0. We get a
+
i0
aiai0←a
+
i0
ai0ai→µ
′ai−
∑
L a
+
j aiaj+
α
β
∑
K aja
+
j ai
and this contradicts (P4).
• F : Quotienting out by the ideal generated by
∑
aia
+
i −λ1 and
∑
a+i ai−
λ2, with λ1 + λ2 = λ 6= 0, we are brought back to case C ∪D, and we
conclude by lemma 6.
(1, 1)a :
• A2, A2 ∪ B1, A2 ∪ B2 : Let i, j be s.t. ai > aj . Then −ajaia
+
j ←
aiaja
+
j → ai and (P4) cannot hold.
• A2 ∪ D : We have λai0 ← ai0a
+
i0
ai0 → µai0 −
∑
i 6=i0 ai0a
+
i ai and (P4)
cannot hold.
• A1∪D : We define δ : B → Cl(n, 0) := K〈x1, . . . , xn〉/〈xixj+xjxi−δij〉
by δ(ai) = δ(a
+
i ) =
1√
n
xi, we then use lemma 7.
• A3 :
– (a) : Suppose that ai is the sup of the ak’s, and choose j 6= i. We
find : −ajaia
+
j ← aiaja
+
j → (1−β)ai + β
2∑a+k akai−β∑k 6=iaia+k ak.
This contradicts (P4).
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– (b) : If n ≥ 3, let i, j 6= i0 be s.t. ai < aj . Then−aiaja
+
i ←ajaia
+
i →
−ai0aja
+
i0
, which contradicts (P4). If n = 2, one can easily show
that i0 6= j0 leads to a contradiction. We can then assume that
i0 = j0 = 2. If we define < by a2 < a1 < a
+
1 < a
+
2 , we see
that S = {a1a2→− a2a1, a
+
2 a
+
1→− a
+
1 a
+
2 , a1a
+
1→a2a
+
2 , a
+
2 a2→λ−
αa2a
+
2 − a
+
1 a1} is confluent and adapted to <.
T = {a2
k1a+1
l1 . . . a2
kra+1
lra1
m1a+2
n1 . . . a1
msa+2
ns}. We proceed ex-
actly as in case (1, 1)b ∪ C ∪D.
• A1 ∪ B1 ∪ F : It can easily be shown that neither the system (a) nor
the system (b) is confluent.
• C or C ∪D : We do as in case (1, 1)b.
• E2 or E ′2 : Once again, if n ≥ 3, we can easily show that (P4) does not
hold. If n = 2, we find a confluent reduction system, and we show that
(P3) does not hold.
• E1 ∪ C ∪D : See (1, 1)b ((P4) does not hold).
• F : See (1, 1)b ((P3) does not hold).
This is the end of the demonstration for the case n ≥ 2. Let us know look
at the case n = 1.
The only relations we can have are : (2, 0), (A2), (B2), and (F ) (by lemma
1).
(2, 0) :
• A2 : a2a+ = 0 = a⇒ B = 0
• B2 : Symmetrical to the above case.
• F : Multiplying αaa+ + βa+a = 1 to the right, then to the left by a
we get α = β, and we recongnize the Clifford algebra C1 which is a
solution to our problem.
A2 or B2 : We can send B to C = K[x, y]/〈xy − 1〉, by a non-zero isomor-
phism, and we conclude by lemma 5.
F : If α+ β 6= 0, we can send B to K[x, y]/〈xy− (1/α+ β)〉 and use lemma
5.
If β = −α, we find the Weyl algebra A1, which is the bosonic solution.
QED.
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5 Number Operator Algebras of Infinite Type
5.1 The Classification Theorem
Theorem 2 Let α be an infinite cardinal number and let B = Lα/I be a
symmetric n.o.a. of quadratic presentation, i.e. I satisfies the following
properties
(P0) I 6= Lα, I 6= 〈X〉.
(P1) J(I) ⊂ I.
(P2) ∀σ ∈ Sα, σ∗(I) ⊂ I.
(P3) ∀i ∈ Iα, ∃Ni ∈ B s.t. (1) and (2) hold.
(P ′4) : I is generated by elements of degree two or less.
Then there exists h ∈ R\{0} such that I is generated by one of the following
sets :
(a) {ai
2, a+i
2
, aiaj + ajai, a
+
i a
+
j + a
+
j a
+
i , aia
+
j + a
+
j ai, aia
+
i + a
+
i ai − h|i 6= j}
(a’) {ai
2, a+i
2
, aiaj − ajai, a
+
i a
+
j − a
+
j a
+
i , aia
+
j − a
+
j ai, aia
+
i + a
+
i ai − h|i 6= j}
(c) {aiaj − ajai, a
+
i a
+
j − a
+
j a
+
i , aia
+
j − a
+
j ai, aia
+
i − a
+
i ai − h|i 6= j}
(c’) {aiaj + ajai, a
+
i a
+
j + a
+
j a
+
i , aia
+
j + a
+
j ai, aia
+
i − a
+
i ai − h|i 6= j}
The algebras of case (a) (resp. (a′), (c), (c′)) are called fermionic (resp.
pseudo-fermionic, bosonic, pseudo-bosonic) algebras, and are denoted by Cˆα
(resp. Cα, Aα, Aˆα).
5.2 The Lemmas
The lemmas 1, 2, 4, 5, 6, 7, and 8 are valid both in the finite and infinite
cases.
Due to the action of the symmetric group, the terms with a sum cannot
survive in the infinite case, or else the sum should be infinite, which is mean-
ingless in our purely algebraic setting. For this reason, the lemma 10 gets
replaced by :
Lemma 12 If I fulfils (P0), (P1), (P2), (P3) and (P
′
4) then it is generated
by a union of sets, each being of one of the forms (with α, β, λ, r, s ∈ R) :
• (2, 0) : {ai
2, a+i
2
|i ∈ Iα}
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• (1, 1)a : {aiaj + ajai, a
+
i a
+
j + a
+
j a
+
i |i, j ∈ Iα, i 6= j}
• (1, 1)b : {aiaj − ajai, a
+
i a
+
j − a
+
j a
+
i |i, j ∈ Iα, i 6= j}
• (1, 1)c : {aiaj , a
+
i a
+
j |i, j ∈ Iα, i 6= j}
• (1,−1)a : {raia
+
j + sa
+
j ai|i, j ∈ Iα, i 6= j}, (r, s) 6= (0, 0), r, s ∈ R.
• (1,−1)b : {aia
+
j , a
+
j ai|i, j ∈ Iα, i 6= j}
• A1 : {aia
+
i − aja
+
j |i, j ∈ Iα, i > j}
• A2 : {aia
+
i − λ|i ∈ Iα}
• E : {αaia
+
i + βa
+
i ai − λ|i ∈ Iα}
• E1 : {α(aia
+
i − aja
+
j ) + β(a
+
i ai − a
+
j aj)|i, j ∈ Iα, i 6= j}
and the forms B1, B2 symmetric to A1, A2, by the exchange of ai and a
+
i .
We must combine these different sets of generators to enumerate all possible
presentations. The equivalent of the proposition 1 is the following :
Proposition 4 If I fulfils (P0), (P1), (P2), (P3) and (P
′
4) then there exists
a presentation R of I, of the form R = R(2,0)
∐
R(1,1)
∐
R(1,−1)
∐
R(0,0), such
that :
• R(2,0) = (2, 0) or the empty set.
• R(1,1) = (1, 1)a or (1, 1)b or (1, 1)c or ∅.
• R(1,−1) = (1,−1)a or (1,−1)b or ∅.
and R(0,0) is one of the following sets :
A2 = {aia
+
i − λ|i ∈ Iα}
A2 ∪ B1 = {aia
+
i − λ, a
+
j aj − a
+
0 a0|i, j ∈ Iα, j > 0}
A2 ∪ B2 = {aia
+
i − λ, a
+
i ai − λ|i ∈ Iα}
E = {aia
+
i + βa
+
i ai − λ|i ∈ Iα}
A1 ∪ B1 ∪ E = {aia
+
i − a0a
+
0 , a
+
i ai − a
+
0 a0, a0a
+
0 + βa
+
0 a0 − λ|i > 0}
as well as B2, B2 ∪B1. In each case λ and β are non-zero, and belong to R.
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5.3 Sketch of Proof of Theorem 2
We define a well-ordering < on X by ai < aj ⇔ a
+
i < a
+
j ⇔ i < j and
a+i < aj for all i, j ∈ Iα. We call <n the deglex-ordering defined by <.
As we did in the finite case, we can easily get rid of the ideals that contain
relations (1, 1)c, (1,−1)b or (2, 0), on the one hand, and A2, on the other
hand. Furthermore, the relations (2, 0) together with E or A1∪B1∪E imply
β = 1, as is easily seen by multiplying a0a
+
0 + βa
+
0 a0 = 1 on the left, then on
the right, by a0.
(1, 1)c ∪ (1,−1)b ∪ (2, 0) : The only case to study is E. If we multiply the
relation E on the left by aj , with i 6= j, we get λaj = 0. Thus B = 0, in
contradiction with (P0).
(1, 1)a or b ∪ (1,−1)b ∪ (2, 0) :
• E or A1 ∪ B1 ∪ E : Let us multiply aka
+
k + βa
+
k ak = λ on the left by
ai and on the right by aj, with i, j, k distinct. We get aiaj = 0, and we
are back to the previous case.
(1, 1)c ∪ (1,−1)a ∪ (2, 0) :
• E, E ∪A1 ∪B1 : We have rs = 0 (see the finite case F ). Now if s = 0,
we see that λai = aiaja
+
j + βaia
+
j aj vanishes if i 6= j. The case r = 0
is symmetrical.
(1, 1)a ∪ (1,−1)a ∪ (2, 0) :
• E: We have (with i, j, k distinct) :
λraia
+
j = r(aiaka
+
k a
+
j + βaia
+
k aka
+
j ) = sλaia
+
j
⇒ (r − s)aia
+
j = 0
If aia
+
j = 0, we easily find that B = 0, thus we can assume r − s = 0.
We also have :
{
λai = ai
2a+i + βaia
+
i ai = βaia
+
i ai
λai = aia
+
i ai + βa
+
i ai
2 = aia
+
i ai
So β = 1 by (P0). Thus B is a fermionic algebra Cˆα.
• E∪A1∪B1: Thanks to the previous case we have r−s = 0 and β = 1.
We let the reader use the relations A1 and B1 to show that B = 0.
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(1, 1)b ∪ (1,−1)a ∪ (2, 0) : This case is similar to the preceding one, except
that we find pseudo-fermionic instead of fermionic algebras.
(1, 1)c ∪ (1,−1)b : We can do as in case (1, 1)c ∪ (1,−1)b ∪ (2, 0).
(1, 1)a or b ∪ (1,−1)b : We must have aiaj = 0 (see the finite case).
(1, 1)c ∪ (1,−1)a :
• E : We have : raia
+
j = r(aiaka
+
k a
+
j +βaia
+
k aka
+
j ) = −sβaia
+
k a
+
j ak = 0.
It entails that sa+j ai = 0. If aia
+
j = 0, we get λai = aiaja
+
j +βaia
+
j aj =
0, thus B = 0. This is the same if a+j ai = 0.
(1, 1)b ∪ (1,−1)a :
• A2, A2 ∪B1, A2 ∪B2 : If r+ s 6= 0, we find B = 0 (see the finite case).
If r + s = 0, we define δ : B → C := K[(xi)i∈Iα, (yi)i∈Iα ]/〈xiyi − 1〉 by
ai 7→ xi and a
+
i 7→ yi. Thus (P3) cannot hold, by lemma 5.
• E : According to the finite case, we must have r + s = 0.
– If β + 1 = 0 : We find a bosonic algebra Aα.
– If β + 1 6= 0 : We can non-trivially map B onto K[(xi)i∈Iα ]/
〈x2i − 1/(1 + β)〉 by ai, a
+
i 7→ xi. Thus (P3) cannot hold.
• E ∪ A1 ∪ B1 : Of course we must also have r + s = 0. If β + 1 = 0,
we have a quotient of a bosonic (Weyl) algebra, which is simple. Thus
B = 0. If β + 1 6= 0, one shows that Z(B) = B0 (see the finite case).
Thus (P3) cannot hold.
(1, 1)a ∪ (1,−1)a :
• A2, etc. . . : If r = 0 we have aia
+
i aj = aj = 0⇒ B = 0. So r 6= 0, and
we have :
ajaia
+
i = −qaia
+
i aj
⇒ aj = −qaj
Thus q = −1 or else B = 0. Now, we can define φ : B → C, with
C = K〈(xi)i∈Iα〉/〈xixj + xjxi − 2δij〉, by ai, a
+
i 7→ xi, and we conclude
by lemma 7.
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• E : r = 0⇒ aj = aia
+
i aj + βa
+
i aiaj = 0− βa
+
i ajai = 0⇒ B = 0.
We can then assume r 6= 0. We have :
aj(aia
+
i + βa
+
i ai) = aj
⇒ −q(aia
+
i + βa
+
i ai)aj = aj
⇒ (1 + q)aj = 0
Therefore q = −1.
– β 6= −1 : We define φ : B → K〈(xi)i∈Iα〉/〈xixj+xjxi−
2
1 + β
δij〉.
We conclude as in case A2.
– β = −1 : We have a pseudo-bosonic algebra Aˆα.
• E ∪ A1 ∪ B1 : One can easily show that r = s and 1 + β 6= 0. We can
then map B onto C = K〈xi|i ∈ Iα〉/〈xixj+xjxi−2δij〉 and use lemma
7.
(1, 1)c ∪ (2, 0) : The only case to study is E. In this case B = 0 (see (1, 1)c∪
(1,−1)b ∪ (2, 0)).
(1, 1)a or b ∪ (2, 0):
• E : As we said at the beginning of this section, we have β = 1. There-
fore, we can define φ : B → C1 := K〈a, a+〉/〈a2, a+
2
, aa+ + a+a − 1〉,
by setting ai 7→ a, a
+
i 7→ a
+. We then use lemma 8.
• E ∪ A1 ∪ B1 : aiaj = ai(aia
+
i + βa
+
j aj)aj = 0, so we are back to the
case (1, 1)c.
(1,−1)b ∪ (2, 0) :
• E or E ∪ A1 ∪ B1 : β = 1, and if i 6= k 6= j, ai(aka
+
k + a
+
k ak)aj =
λaiaj = 0, and we are back to a previous case.
(1,−1)a ∪ (2, 0) :
• E : β = 1. We can assume r 6= 0, the case s 6= 0 being symmetri-
cal. S = {aia
+
i →1 − a
+
i ai, ai
2→0, a+i
2
→0, aia
+
j →qa
+
j ai} is a confluent
reduction system, which is adapted to <n. Let J = (j1, . . . , jr) and
K = (k1, . . . , ks) be two tuples of indices. We write a
+
J = a
+
j1
. . . a+jr and
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aK = ak1 . . . aks. By convention, a∅ = a
+
∅ = 1. With these notations,
the basis of irreducible monomials is T = {a+J aK}, with J , K running
over all tuples such that jm 6= jm+1, km 6= km+1. The notation k > J
shall mean that k is greater than all indices appearing in J . So let
k > J ,K. We have :
[a+J aK, ak] = a
+
J aKak − aka
+
J aK
= a+J aKak − q
|J |a+J akaK
Then if lm(Ni)=a
+
J aK, we see that for k big enough : lm([Ni, ak]) =
a+J akaK, which is different from −ak and from 0. Thus (P3) cannot
hold.
• E ∪A1 ∪ B1 : We have :
λaiaj = ai(a0a
+
0 + βa
+
0 a0)aj
⇒ λaiaj = aiaia
+
i aj + βaia
+
j ajaj
⇒ aiaj = 0
(1,−1)b :
• E,E ∪ A1 ∪ B1 : With k 6= i 6= l, we have ak(aia
+
i + βa
+
i ai)al = 0.
(1,−1)a :
• A2 : If r = 0 then B = 0 (see (1,−1)a ∪ (1, 1)a). If r 6= 0 then S =
{aia
+
i →1, aia
+
j →qa
+
j ai} is confluent and adapted to <n. T = {a
+
J aK},
where J and K run over all tuples of indices, is the corresponding basis,
and if k > J , K we have : [a+J aK, ak] = a
+
J aKak − q
|J |a+J akaK. Thus,
we see that (P3) does not hold, as in case (1,−1)a ∪ (2, 0) ∪ E.
• A2 ∪ B1, A2 ∪B2 : r 6= 0 by the above. We have, with i 6= j :
aja
+
j aja
+
j = 1
⇒ aj(a
+
i ai)a
+
j = q
2a+i aja
+
j ai = q
2a+i ai = 1
therefore q2aia
+
i ai = q
2ai = ai, thus q
2 = 1 or else B = 0.
– If q = 1 : We define φ : B → K[x, y]/〈xy − 1〉, by φ(ai) = x,
φ(a+i ) = y. We then use lemma 4.
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– If q = −1 : We define φ : B → K〈(xi)i∈Iα〉/〈xixj + xjxi − 2δij〉,
and we use lemma 7.
• E : We can assume r 6= 0 (the case s 6= 0 is symmetrical). S =
{aia
+
i →1 − βa
+
i ai, aia
+
j →qa
+
j ai} is confluent and adapted to <n, and
T = {a+J aK}. We find [a
+
J aK, a
+
k ] = q
|K|a+J a
+
k aK − a
+
k a
+
J aK, and we can
do as above.
• E ∪A1 ∪ B1 : Let us assume r 6= 0, the case s = 0 being symmetrical.
We have :
(aia
+
i )ai = ai(a
+
i ai)
⇒ ai − βa
+
0 a0ai = aia
+
0 a0 = qa
+
0 aia0
⇒ aia
+
i − βa
+
0 a0aia
+
i = qa
+
0 aia0a
+
i
⇒ 1− βa+0 a0 − βa
+
0 a0(1− βa
+
0 a0) = q
2a+0 (1− βa
+
0 a0)a0
⇒ 1 + (−2β − q2)a+0 a0 + β
2a+0 (1− βa
+
0 a0)a0 = −βq
2a+0
2
a0
2
⇒ 1 + (β2 − 2β − q2)a+0 a0 + (−β
3 + βq2)a+0
2
a0
2 = 0 (13)
Now we can define an homomorphism φ from the Weyl algebra A1 :=
K〈a, a+〉/〈aa+ − a+a − 1〉 to B by φ(a) = a0, and φ(a
+) = a+0 . Since
A1 is simple, either φ = 0 or φ is injective. But from (13), Ker(φ) 6= 0.
Then φ = 0, therefore B = 0.
(1, 1)c :
• E, E ∪ A1 ∪ B1 : With j 6= i, we have aj(aia
+
i + βa
+
i ai)aj ⇒ aj
2 = 0,
and we find a case already studied.
(1, 1)b :
• A2, etc. . . : We define φ : B → K[x, y]/〈xy − 1〉 by φ(ai) = x,
φ(a+i ) = y, and we use lemma 5.
• E or E ∪A1 ∪B1 :
– β 6= −1 : We define φ : B → K[x, y]/〈xy − 1/(1 + β)〉
– β = −1 : We define ψ : B → A1, by ψ(ai) = a, ψ(a
+
i ) = a
+, and
we use lemma 8.
(1, 1)a :
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• A2, etc. . . : We define φ : B → K〈(xi)i∈Iα〉/〈xixj + xjxi − 2δij〉, as in
case (1, 1)a ∪ (1,−1)a.
• E :
– β 6= −1 : We define φ as in case (1, 1)a ∪ (1,−1)a.
– β = −1 : We quotient out B by the ideal generated by aia
+
i −a0a
+
0
and a+i ai − a
+
0 a0, we thus obtain the algebra B
′ of case E ∪A1 ∪
B1. Now this algebra is non-zero and does not contain number
operators (see below), so neither does B.
• E∪A1∪B1 : If β 6= −1 we do as above. If β = 1 we see that the reduc-
tion system S0 = {aia
+
i →1+a
+
0 a0, a
+
j aj→a
+
0 a0, ajai→−aiaj , a
+
j a
+
i →−
a+i a
+
j |i, j ∈ Iα, i < j}, adapted to <n is not confluent. Let us call
S the confluent reduction system that we get from S0 by the non-
commutative Buchberger algorithm (i.e. we inductively reduce ev-
ery ambiguity. See [Berg], [Ufn] or [Bes1] for details on this algo-
rithm). After three iterations (this can be calculated by hand, or
preferably with a computer program, such as bergman, available at
http://www.matematik.su.se/research/bergman/, or the one in [Bes1],
available at http://perso.wanadoo.fr/fabien.besnard/), one sees that
∀i, j, k, aiaja
+
k and aia
+
j a
+
k are reducible with respect to S (all the de-
tails are in [Bes1]).
Now let T be the basis of irreducible monomials corresponding to S,
and let x belong to B(0,...,0) := {x ∈ B| ∀i ∈ Iα, [Ni, x] = 0}. According
to what we have just said, x is of the form :
– (1) a+i1 . . . a
+
ik
aj1a
+
ik+1
. . . ajra
+
ik+r
ajr+1 . . . ajr+k , or
– (2) ai1a
+
j1
. . . aika
+
jk
, or
– (3) a+i1aj1 . . . a
+
jk
aik
In each case, the tuple of indices i and the tuple of indices j are equal
up to the order.
Since for all i, j, k, aiaja
+
k and aia
+
j a
+
k are reducible, one can see that
the three cases reduce to : x = a+0
k
a0
k. Thus :
B(0,...,0) = {a+0
k
a0
k|k ∈ N}
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As a consequence, we find that ∀i, j, Ni ∈ B(0,...,0) is stable under the
action of the transposition automorphism τ ∗ij . Now :
τ ∗ij [Ni, a
+
i ] = [τ
∗
ijNi, τ
∗
ija
+
i ]
⇔ τ ∗ija
+
i = [Ni, a
+
j ]
⇔ a+j = 0
Thus (P3) cannot hold. We must now prove that B 6= 0.
We first note that the algebra A, generated by the ξi’s and ξ
+
i ’s, satis-
fying ξiξj + ξjξi = ξ
+
i ξ
+
j + ξ
+
j ξ
+
i = 0, for i 6= j, and ξiξ
+
i = ξ
+
i ξi = 1,
is non-zero (we can for instance quotient it by the ideal generated by
the ξi−ξ
+
i , thus obtaining a Clifford algebra which is clearly non-zero).
Let us then consider B¯1 := A
⊗
A1, and set bi := ξi⊗ a, b
+
i := ξ
+
i ⊗ a
+.
We have, for i 6= j :
bibj + bjbi = ξiξj ⊗ a
2 + ξjξi ⊗ a
2 = (ξiξj + ξjξi)⊗ a
2 = 0
b+i b
+
j + b
+
j b
+
i = ξ
+
i ξ
+
j ⊗ a
+2 + ξ+j ξ
+
i ⊗ a
+2 = (ξ+i ξ
+
j + ξ
+
j ξ
+
i )⊗ a
+2 = 0
b+i bi − b
+
j bj = (ξ
+
i ξi)⊗ a
+a − (ξ+j ξj)⊗ a
+a = 1⊗ a+a − 1⊗ a+a = 0
bib
+
i − bjb
+
j = (ξiξ
+
i )⊗ aa
+ − (ξjξ
+
j )⊗ aa
+ = 1⊗ aa+ − 1⊗ aa+ = 0
and :
bib
+
i −b
+
i bi = (ξiξ
+
i )⊗aa
+−(ξ+i ξi)⊗a
+a = 1⊗(aa+−a+a) = 1⊗1 = 1
We thus see that B can be non-trivialy mapped to B¯1 by ψ(ai) := bi
and ψ(a+i ) = b
+
i , which proves that B 6= 0.
(2, 0) :
• E or E ∪ A1 ∪ B1 : We already know that β = 1. We can thus define
φ as in case (1, 1)b ∪ (2, 0).
∅ : In each sub-case, we can define an homomorphism φ as in one of the cases
above.
• A2, etc. . . : B → K[x, y]/〈xy − 1〉
• E, E ∪A1 ∪B1
– β 6= −1 : B → K[x, y]/〈xy − 1/(1 + β)〉
– β = −1 : B → A1
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So we see that the only possibilities were (pseudo)-fermions and (pseudo)-
bosons, that we have respectively found in cases (1, 1)a or b∪(1,−1)a∪(2, 0)∪
E, and (1, 1)a or b ∪ (1,−1)a ∪ E.
6 Topological Number Operator Algebras
6.1 Definitions
In order to emcompass the case of q-bosons, we must relax the conditions we
impose on number operator algebras so as to let the number operators belong
to some completion of the algebra. We are led to the following definition :
Definition 7 Let B be a non-trivial K-algebra. Let XA = {ai|i ∈ Iα} and
XA+ = {a
+
i |i ∈ Iα} be 2 sets of distinct elements of B. Let Vn := BX
n
A be
the left ideal of B generated by XnA and let B˜ := lim←−
n∈N∗
B/Vn. If the following
conditions hold :
(H1) :
⋂
n∈N∗
Vn = {0}
(H2) : ∀b ∈ X
+
A , ∀n ∈ N, ∃N ∈ N such that VNb ⊂ Vn
then the canonical morphism B→B˜ is an embedding of algebras. If, in addi-
tion to this, we have :
(i) B is generated by XA ∪XA+ as an algebra.
(ii) One uniquely defines an anti-involution J on B by setting J(ai) = a
+
i .
(iii) For all i ∈ Iα, there exists N˜i ∈ B˜ such that for all j ∈ Iα :
[N˜i, aj] = −δijaj (14)
[N˜i, a
+
j ] = δija
+
j (15)
then (B,XA, XA+ , (Ni)i∈Iα) is called a topological number operator algebra,
and B˜ is the completion of B for the topology generated by the neighbourhoods
Vn of the origin.
In order for this definition to make sense, we must prove a few things. First,
since the Vn’s are left ideals of B satisfying Vm ⊂ Vn whenever m ≥ n they
form a projective system of left ideals and B˜ is a left B-module. We also
know that they form a basis of neighbourhoods of zero of a topology for which
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the sum and the left mulitplication are continuous. The property (H1) shows
that the canonical map is into and that the topology is separated. We still
have to show that the multiplication is a continuous mapping from B × B
to B. For this, it is easy to see that we only need to show the continuity of
right multiplication. This is assured by the property (H2) for multiplication
by elements of XA+. Since it is obviously true for elements of XA, we can
show that it is true for any monomial, and then for any element of B.
With this definition we can expect the elements of B˜ to be expressed as
normal ordered series, that is to say with the creations to the left.
In the next lemmas, B is a topological n.o.a.
Lemma 13 Let S0 = {0} and ∀k ∈ N∗, Sk ⊃ Sk−1 a subspace of B sup-
plementary to Vk. Then B˜ is isomorphic to the set of power series of the
type
S =
∑
k∈N
uk with uk ∈ Sk+1 ∩ Vk
endowed with the obvious laws.
Proof :
Let us define the natural projections πk : B → B/Vk, and πk,j : B/Vk →
B/Vj, for j ≤ k. Every x ∈ B˜ is given by a sequence (xk)k∈N∗ such that
xk ∈ B/Vk and ∀j ≤ k, πk,j(xk) = xj . Let sk be the linear section of πk
associated with Sk. We set uk = sk+1(xk+1)− sk(xk), and S(x) =
∑
k∈N uk.
Conversely if S =
∑
k uk we set xk = πk(
∑k−1
j=0 uj).
In it trivial to verify that we have defined two linear maps, inverse to each
other. Indeed, the lemma is just a restatement of the definition of the pro-
jective limit, with in addition the condition (H2) assuring that the product
of two series is well defined. QED.
Remark : If it happens that Vn = Vn+1 for some n, then Vm = Vn for every
m ≥ n. We have Sm = Sn and the series are just finite sums. Thus, in this
case B˜ is embedded in B. From (H1) we finally get B = B˜, and Vn = {0}.
Let us see now a particular case.
Lemma 14 Set T = {a+i1 . . . a
+
ik
aj1 . . . ajl|k, l ≥ 0} and Tl = {a
+
i1
. . . a+ikaj1 . . . ajl|k ≥
0}. Suppose that T generates B as a K-space. Then there exist T ′0 ⊂ T0,
T ′1 ⊂ T1, . . . such that for all k, T0
∐
. . .
∐
T ′k is a basis of B/Vk+1.
Moreover, every x ∈ B˜ can be written in a unique way :
x =
∞∑
l=0
∑
t∈T ′
l
λt,lt
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with the condition that ∀l, the set {t ∈ T ′l |λt,l 6= 0} is finite.
Proof :
Since Vk = BX
k
A and T is a generating family forB, we have Vk =Span{Tj |j ≥
k}. We choose for T ′0 ⊂ T0 a basis of B/V1. Then we choose T
′
1 so that T
′
0
∐
T ′1
is a basis of B/V2, and so on. Then we set Sk =Span{T ′j |j < k} and apply
the previous lemma. QED.
Remark : It is not assumed that T ′ =
⋃
n∈N T ′n is a basis of B. In fact this
assumption implies (H1) and seems to be strictly stronger.
Of course a topological n.o.a. B is ZIα-graded, and so will be its completion
B˜. For every n ∈ ZIα, we write B˜n = {x ∈ B˜|∀i ∈ Iα [Ni, x] = n(i)x}.
Lemma 15 Let n ∈ ZIα. Then ∀x ∈ B˜n, ∃(xk) ∈ BN
∗
such that for all k
xk ∈ Bn and x = limk xk.
Proof :
Let B′ :=
⊕
p∈ZIα ,p 6=nBp. ∀k ∈ N∗, ∃zk ∈ B such that x − zk ∈ Vk. Now
zk = xk + yk with xk ∈ Bn and yk ∈ B′. Since Vk is stable under ad(Ni) for
all i, we have x− xk ∈ Vk and yk ∈ Vk. QED.
To give another motivation for the definition 7, let us introduce a new kind
of algebra, that would seem more natural in a physicist’s point of view :
Definition 8 Let B be a non-trivial K-algebra satisfying (i) and (ii) of
definition 7. Let us call F the left module F = B/BV1 and let us define
ρ : B→End(F ) such that ρ(x)(u) = x.u. If the following properties are
satisfied :
(a) Ker(ρ) = {0}.
(b) F is generated by the monoid X∗A+ as a K-space.
(c) ∀i ∈ Iα, ∃Ni ∈ End(F ) s.t.
[Ni, ρ(aj)] = −δijρ(aj) (16)
[Ni, ρ(a
+
j )] = δijρ(a
+
j ) (17)
(d) Ni(|1〉) = 0, where |1〉 = 1[V1].
then (B,XA, XA+, (Ni)i∈Iα) is called a Fock algebra and we call ρ the Fock
representation of B.
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Thanks to (16) and (17), a Fock algebra is graded in exactly the same way as
a n.o.a., and we can define Bp and the i-numbers for i-homogenous elements.
In the next lemmas, B is a Fock algebra.
Lemma 16 Let i ∈ Iα and x ∈ B such that x is i-homogenous and ni(x) ≤
0. Then ∃λ ∈ K such that x = λ [V1]. Furthermore, if ni(x) < 0, λ = 0.
Proof :
By (b) of definition (8), there exists a linear combination of elements of X∗A+ ,
let us say λ + ξ, where λ is the scalar part, such that x − λ − ξ ∈ V1. The
result is then clear using the fact that V1 is graded. QED.
Lemma 17 ∀i, j ∈ Iα, ∀k ∈ N∗, ∃ y1ij, . . . , y
k−1
ij such that y
n
ij ∈ X
n
A+X
n
A, y
n
ij
has the same numbers as aia
+
j and aia
+
j =
∑k−1
n=0 y
n
ij [Vk].
Proof :
By the previous lemma the result holds for k = 1. If it holds for k, then
aia
+
j =
∑k−1
n=0 y
n
ij + vk, with vk ∈ Vk. Write vk =
∑
wtzt [Vk+1] with wt ∈ B
and zt ∈ XkA. Then each wt can be decomposed as a linear combination of
some elements in X∗A+ modulo V1. Thus we can write vk =
∑
w′tzt [Vk+1]
with w′t ∈ X
∗
A+ . Now the numbers of w
′
tzt are the same as those of aia
+
j .
Thus zt must contain ai and w
′
t must contain a
+
j , at least once. If we remove
one copy of these two generators in zt and w
′
t respectively, we find that the
numbers of the remaining two monomials must cancel. Since one consists of
generators only, and the other of destructions only, they must be of the same
length. So w′t ∈ X
k
A+ . QED.
Proposition 5 If B is a Fock algebra, then B fulfills (H1) and (H2).
Proof :
Let x ∈
⋂
n∈N∗ Vn and m be a monomial. Take n larger than the length of m,
and any n-uple I. Then ni(aIm) < 0, so aIm = 0 [V1] by lemma 16. Thus
Vnm = 0[V1] and ρ(x)(m) = 0, consequently x ∈Ker(ρ) = {0}, and (H1) is
fulfilled.
Let us show that Vka
+
i ⊂ Vk−1 for all i, which clearly entails (H2). This is
true for k = 1. If it is true for k, then ∀p ≤ k− 1, VkX
p
A+ ⊂ Vk−p. Let x be a
monomial in Vk+1. Write x = x
′aj . We have aja
+
i =
∑k−1
p=0 λk,pvk,pwk,p + nk,
with nk ∈ Vk, vk,p ∈ X
p
A+ and wk,p ∈ X
p
A, by lemma 17. Thus x
′vk,p ∈ Vk−p
and x ∈ Vk. So by induction, we find the claimed result. QED.
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Remark : Let B be a topological n.o.a. and a Fock algebra, and put the
discrete topology on F . Then the topology of B˜ is stronger than the topology
of pointwise convergence on End(F ). In all the cases we will investigate, these
topologies are in fact the same.
6.2 The classification theorem
Theorem 3 If B = Lα/I is a topological n.o.a. of type α that is symmetric
and quadratically presented, then either I is one of the ideals enumerated in
theorem 2 or there exist h ∈ R\{0}, q ∈ R\{−1, 1} such that I is generated
by
• (d) {aiaj − ajai, a
+
i a
+
j − a
+
j a
+
i , aia
+
j − a
+
j ai, aia
+
i − qa
+
i ai − 1|i 6= j}
• (d’) {aiaj + ajai, a
+
i a
+
j + a
+
j a
+
i , aia
+
j + a
+
j ai, aia
+
i − qa
+
i ai − 1|i 6= j}
In the case (d), the algebra is called a q-boson algebra, and denoted by Aqα.
In the case (d′) it is called a pseudo-q-boson algebra, and denoted by Aˆqα. In
both cases we have Ni =
∞∑
k=0
(1− q)k
1− qk
a+i
k
ai
k + λi, λi ∈ K, the algebras B˜ are
central and the number operators are unique up to an additive constant.
6.3 Sketch of proof of theorem 3
Let B be an algebra fulfilling the hypotheses of theorem 3. This algebra
will also fulfill the hypotheses of theorem 2, except (P3), which is replaced
by (P˜3) which is the same as (P3) except that the Ni are allowed to belong
to B˜ instead of B. One can verify that proposition 4 still holds in this
context, since it only depends on the gradation of B by the i-numbers. Thus
all we have to do is to re-examine the cases of section 5.3 which have been
eliminated by the hypothesis (P3). We will have then to verify whether they
fulfill (H1), (H2), and (P˜3).
First of all, let us note that in the cases containing B2 we have a
+
i
n
ai
n = 1,
thus (H1) cannot be true.
Let us look at the remaining cases.
(1, 1)b ∪ (1,−1)a ∪ (2, 0) :
• E, β = 1 : We have the pseudo-fermionic algebra B = Cα. The
hypotheses of lemma 14 are fulfilled, (H1) and (H2) are easily seen to
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be satisfied. The elements of B˜ can be written
∞∑
l=0
∑
i1<...<ik
j1<...<jl
λj1,...,jli1,...,ika
+
i1
. . . a+ikaj1 . . . ajl
the second sum being finite for each l.
If x ∈ Z(B˜), x = limk xk, with xk ∈ B0, by lemma 15, so that we must
have ∀i ∈ Iα, lim[xk, ai] = 0.
Thus ∀n, ∃p, k ≥ p⇒ [xk, ai] ∈ Vn. Now [a
+
i1
. . . a+ikaj1 . . . ajk , ai] equals
a+i1 . . . a
+
is−1
a+is+1 . . . a
+
ik
aj1 . . . ajk , if i = is, and 0 if i /∈ {i1, . . . , ik}.
We thus have xk ∈ K+Vn+VI\{i}, where VI\{i} is the left ideal generated
by {a+j |j 6= i}. So we see that x ∈ K + Vn + VI\{i}, for all n and for all
i. This shows that x ∈ K.
(1, 1)a ∪ (1,−1)a ∪ (2, 0) : This case is similar to the previous one, except
that for E, β = 1, we get B = CˆI .
(1, 1)b ∪ (1,−1)a :
• A2 : See E, with β = 0.
• A2∪B1 : We must have r+ s = 0. As in the finite case one shows that
a+i ai = 1. Thus (H1) cannot be fulfilled.
• E : r + s = 0. We are in the bosonic and q-bosonic (q = −β) cases.
We can use lemma 14 with T = {a+I aJ |i1 ≤ . . . ≤ ik, j1 ≤ . . . ≤ jl}.
(H2) is clearly true. One shows that B˜ is central exactly as we did in
case (1, 1)b ∪ (1,−1)a ∪ (2, 0). For q 6= ±1, one sees that the number
operators are given by
Ni =
∞∑
k=0
(1− q)k
1− qk
a+i
k
ai
k + λi.1
(this had been shown in [CS]).
• E ∪A1∪B1 : r+ s = 0. As we have already seen, we have Z(B) = B0.
Then if (H1), (H2) and (P˜3) were true, we would have Z(B˜) = B˜
0,
which entails that (P˜3) cannot be true, a contradiction.
(1, 1)a ∪ (1,−1)a: This case is similar to the previous one. We find the
pseudo-q-bosons in case E.
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(1, 1)c ∪ (2, 0) : Since ∀k ≥ 2, Vk = {0}, we have B˜ ≃ B.
(1, 1)a or b ∪ (2, 0)
• E: β = 1. We define φ : B → C1 as in 2.4. Suppose that there exist
number operators N˜i ∈ B˜. Then let un ∈ B be such that Ni = limn un.
Take j 6= i. We must have limn([un, ai] + ai) = 0 and limn[un, aj] = 0.
Thus ∃n such that [un, ai] + ai ∈ V2 and [un, aj] ∈ V2. But φ(V2) = 0.
Thus [φ(un), a] + a = 0 and [φ(un), a] = 0, which is absurd.
• E ∪A1 ∪ B1 : same as above.
(1,−1)a ∪ (2, 0)
• E: β = 1.
– r 6= 0: The reduction system S = {aia
+
i →1−a
+
i ai, ai
2→0, a+i
2
→0,
aia
+
j →qa
+
j ai|i 6= j} is confluent. The basis of irreducible mono-
mials is T = {a+I aJ |ir 6= ir+1 and js 6= js+1}. Let us define the
degree of a monomial in B to be the degree of its normal form.
Then d◦(a+J ) = k, and aia
+
J is a linear combination of monomials
of degree ≥ k. More precisely, they are of degree k + 1 whenever
i /∈ J .
Suppose there exists a number operator Ni. Then Ni =
∑
kN
k
i ,
with d◦(Nki ) = 2k. Now let j be such that j 6= i and j does
not appear in any monomial of the support of N1i or N
2
i (there
is a finite number of such monomials). Then [Ni, aj ] = 0 ⇒
[N1i , aj ] = 0. Now N
1
i =
∑
k λka
+
k ak (finite sum). Thus [N
1
i , aj] =∑
k λk(a
+
k akaj − qa
+
k ajak) = 0, so λk = 0 and N
1
i = 0.
Now only [N1i , ai] can provide terms of degree 1 in [Ni, ai]. Con-
sequently, Ni cannot exists.
– r = 0: Let us multiply a+i1 to the right by ai2a
+
i2
+ a+i2ai2 , with
i1 6= i2. We get : a
+
i1
= a+i1a
+
i2
ai2 . In the same way we have a
+
i2
=
a+i2a
+
i3
ai3 , with i3 6= i2, thus a
+
i1
= a+i1a
+
i2
a+i3ai3ai2 . By induction we
see that a+i1 ∈
⋂
k∈N∗ Vk, so (H1) cannot be fulfilled.
(1,−1)a :
• A2, r = 0 : We do as in the case (1,−1)a ∪ (2, 0) ∪ E.
• A2 ∪ B1, r 6= 0 : we find a
+
i ai = 1.
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• E :
– r 6= 0 : We have a confluent reduction system and we can use the
same argument as in case (1,−1)a ∪ (2, 0).
– r = 0 : Since a+j a
+
i ai = a
+
j , we can do as in case (1,−1)a ∪ (2, 0).
(1, 1)b :
• A2 : See E, β = 0.
• A2 ∪ B1 : The following relations hold in B :
a+0 a0a
+
j = a
+
j , ∀j 6= 0
a+j aka
+
i = a
+
i aka
+
j , ∀j > i, k 6= i, j
aiaja
+
i = aj, ∀i < j
aiaja
+
k = aia
+
k aj , ∀i ≤ j, k 6= i, j
aka
+
i a
+
j = a
+
i aka
+
j , ∀i ≤ j, k 6= i, j
aja
+
i a
+
j = a
+
i , ∀i < j
aja
+
k ai = aia
+
k aj , ∀j > i, k 6= i, j
aja
+
0 a0 = aj , ∀j 6= 0
To see it, one should use the non-commutative Buchberger algorithm
on the initial reduction system. This can be done with the computer
programs already cited. See also [Bes1] for a detailed account of the
calculations. So, as in 2.4, (1, 1)a ∪ E ∪ A1 ∪ B1, we can prove that
B0 =Span{a+0
k
a0
k|k ∈ N}. Now take i and j, two distinct indices, and
set Ni = limn xn. We have : ∀n ∈ N, ∃k such that [xk, ai] + ai ∈ Vn
and [xk, aj ] ∈ Vn. Now if τ
∗
i,j is the automorphism induced by the
(i, j)-transposition, we have : τ ∗i,jxk = xk, and τ
∗
i,jVn = Vn, so that
τ ∗i,j[xk, aj ] = [xk, ai] ∈ Vn, thus ai ∈ Vn, and this is true for all n. So if
(H1) is satisfied, (P˜3) is not.
• E or E ∪A1 ∪B1:
– β = −1 : We can send B onto A1 by ψ, as in the finite case.
Suppose that Ni is a number operator, and take j 6= i. If un is a
sequence in B that converges towards Ni, we must have for n large
enough : [un, ai]+ai ∈ V1 and [un, aj ] ∈ V1, so that [φ(un), a]+a ∈
a+A1 and [φ(un), a] ∈ a+A1. Now (−a + a+A1) ∩ a+A1 = ∅, a
contradiction.
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– β 6= −1 : We can use the same method if we send B onto the
q-bosonic algebra (q = −β) Aq1. Since (−a + a
+Aq1) ∩ A
q
1 = ∅, we
arrive at the same conclusion.
(1, 1)a :
• A2 : Let us prove the following relations by induction :
aiai1 . . . aija
+
i = (−1)
jai1 . . . aij
aka
+
i1
. . . a+ija
+
k = (−1)
ja+i1 . . . a
+
ij
for all i < i1 < . . . < ij < k. They are true for j = 0, so let us suppose
they are true for j. It suffices to multiply on the left by aij+1 in the first
relation, and on the right by a+ij+1 in the second one, to see that they are
still true for j+1. It is then easy to see that the reduction system formed
by aiai1 . . . aija
+
i →(−1)
jai1 . . . aij , aka
+
i1
. . . a+ija
+
k→(−1)
ja+i1 . . . a
+
ij
, and
ajai→ − aiaj, a
+
j a
+
i → − a
+
i a
+
j for all j > i, is confluent. So (H2) is
not satisfied, indeed : ∀i1 ≤ . . . ≤ ik and i /∈ {i1, . . . , ik}, aia
+
i1
. . . a+ik is
irreducible and Vn =Span{a
+
J x| |J | = n and a
+
J x irreducible}.
• A2 ∪B1 : We can use the same method as in (1, 1)b (see [Bes1] for the
computer calculations).
• E : Let us call p the quotient map p : B → B′ := B/〈{aia
+
i −
a0a
+
0 , a
+
i ai − a
+
0 a0|i ∈ I}〉. Suppose B satisfies (P˜3) and set Ni =
limn xn, i 6= 0, with xn ∈ B0. Then p(xn) ∈ B′
0 but we know that B′0
is generated by the a+0
k
a0
k’s. Thus p(xn) is invariant by any transpo-
sition τ ∗ij . For all k there exists an n such that [xn, ai] + ai ∈ Vk, and
[xn, aj ] ∈ Vk. Thus [p(xn), p(ai)] + p(ai) ∈ p(Vk) and [p(xn), p(aj)] ∈
p(Vk). Using τ
∗
ij on the second equation, and substracting from the
first, we find p(ai) ∈ p(Vk). Then, using ψ : B
′ → B¯β, defined in the
paragraph 5.3 :
a⊗ ξi ∈ (a
+ ⊗ 1)B¯β
but this is false, as we can see by using the basis {a+ras ⊗ ξt}, where
{ξt} is a basis of A containing ξi.
• E ∪A1 ∪B1 : We know that B0 =Span{a
+
0
k
a0
k}, thus we can do as in
case (1, 1)b ∪A2 ∪ B1.
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7 Concluding Remarks
In this article, we have tried to explore the algebraic constraints that a free
field theory must abide by. Of course this approach have raised as many
questions as it has answered. Imposing quadratic relations (and confluence
in the finite case) seems to be just as restrictive as needed in order to state
a classification theorem. In this way we have recovered all the known cases,
plus a new one if the number of degrees of freedom is finite. The virtue of this
method is also to put on an equal footing bosons, fermions, pseudo-bosons
and pseudo-fermions, which shows that ǫ-symmetry (see [Bes2]) appears in
a natural way.
There are at least two directions towards which we can try to go further : in-
corporating infinite sums in the defining relations and allowing cubic relations
in order to recover para-statistics. These subjects are under investigations
but what we have done so far indicates that other algebraic hypotheses must
be imposed to keep the problem feasible.
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